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1. CONCEPTUAL LANDMARKS OF RESEARCH

The actuality and importance of the topic of thesis. An analogous algebraic notion to
that of quasigroup has the origins in the works of Anton K. Suschkewitsch, who published in 1929
papers on the "generalization of the associative law" and studied non-associative binary systems
[19]. The notion "quasigroup” was introduced by Ruth Moufang in 1935, who through her studies
on Desarguesian planes initiated the development of quasigroup theory as a field of nonassociative
algebra [2, 13, 14].

The concept of parastrophe was introduced by A. Sade in the 1950 [15]. An n —ary
quasigroup has (n + 1)! parastrophes, and some or all of them may coincide as algebraic
operations. C.C. Lindner and D. Steedley [10] showed that the exact number of distinct
parastrophes of a binary quasigroup divides 3! and that there exist binary quasigroups with exactly
k distinct parastrophes for each k = 1,2,3 or 6, giving a complete characterization of the
spectrum of finite binary quasigroups with a given exact number of distinct parastrophes. Later,
M. McLeish [11] generalized this result to the n —ary case, showing that the exact number of
distinct parastrophes of an n —ary quasigroup divides (n + 1)! and studied the existence of ternary
quasigroups with a given exact number of distinct parastrophes. Connected to these aspects, the
problem of characterizing the spectrum of such n-quasigroups arises. In the ternary case this
problem was solved by M. McLeish, completely for finite quasigroups with exactly 1, 3, 4, 6, 12
or 24 distinct parastrophes, and partially for those with 2 or 8 distinct parastrophes [11, 12]. M.
McLeish also obtained a series of estimates of the spectrum of quasigroups of arbitrary finite arity
n, with a given exact number of distinct parastrophes [11], but the complete characterization of
the spectrum is currently an open problem.

One of the approaches used to characterize the spectrum of finite n —quasigroups with a
given number of distinct parastrophes consists in using, for this purpose, linear quasigroups, in
particular T —quasigroups. Thus the problem of characterizing linear quasigroups that have an
exact given number of distinct parastrophes arises. This problem was solved in the binary case, for
linear quasigroups over abelian groups, by G. Belyavskaya and T. Popovich (T. Rotari) [3-6]. It is
worth noting that M. McLeish also used linear quasigroups to prove the existence and characterize
the spectrum of ternary quasigroups with an exact given number of distinct parastrophes. However,
McLeish did not present such characterizations for the case of exactly k distinct parastrophes, for
any divisor k of the number 24.

Later, F. Sokhatsky and Y. Pirus [17, 18] obtained characterizations of the ternary

quasigroups (Q, A), A(xq, x5, x3) = a1x; + a,x, + asx3 + ¢, linear over agroup (Q, +,0), where
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0 is the neutral element of the group, a4, a, and a5 are bijections on the set Q, such thata; 0 =
0,i = 1,2, 3, which possess at most a given number k of distinct parastrophes, where K is a divisor
of 24. In particular, F. Sokhatsky and Y. Pirus showed that there are no linear ternary quasigroups
(of the given type) with exactly two distinct parastrophes. Note that the results in [17, 18] refer to
the case when a ternary quasigroup possesses at most (not exactly) k distinct parastrophes.

In the present thesis, necessary and sufficient conditions are given, such that an n —ary
T —quasigroup (n = 2,3,4) possess an exactly given number of distinct parastrophes, and
estimatimations of the spectrum of such quasigroups in the finite case are presented.

Another aspect studied in this context concerns the characterization of the spectrum of
n —ary quasigroups, the distinct parastrophes of which form an orthogonal system. The problem
of orthogonality of binary operations initially appeared in combinatorics (orthogonality of Latin
squares) being driven by Euler's well-known hypothesis about the non-existence of orthogonal
Latin squares of order n = 2 (imod 4) which was definitively (negatively) solved by R. C. Bose,
S.S. Shrikhande and E. T. Parker in 1960 [7]. The definitive solution to Euler's conjecture showed
that there exist orthogonal Latin squares of any order g # 1, 2, 6. The process of solving of this
hypothesis led to the emergence of new areas of research in combinatorics and algebra, such as,
for example, the theory of orthogonal operations, initially approached by T. Mann, V. Belousov,
C. Stein, T. Evans, etc. which, requiring various construction methods, developed in multiple
directions [8].

A special direction in the theory of orthogonal operations refers to the study of
orthogonality of the parastrophes of an n —ary quasigroup [1, 20]. n —Ary quasigroups that
possess orthogonal sets of n parastrophes (principal parastrophes) are called parastrophic-
orthogonal (self-orthogonal) quasigroups, and n —ary quasigroups, all distinct parastrophes of
which form an orthogonal system, are called totally parastrophic-orthogonal quasigroups. The
development of methods for constructing parastrophic-orthogonal, respectively totally
parastrophic-orthogonal, n —ary quasigroups is an efficient tool for characterizing the spectrum of
such quasigroups.

A problem that arises in this context is the characterization of linear quasigroups, in
particular T — quasigroups, which possess an exactly given number of distinct orthogonal
parastrophes. An analogous notion to that of a totally parastrophic-orthogonal quasigroup initially
appeared in the binary case, being introduced by the author of the thesis in collaboration with G.
Belyavskaya, where quasigroups with 6 orthogonal parastrophes were called totCO —quasigroups

(totally conjugate - orthogonal quasigroups) [4].



Parastrophic-orthogonal medial ternary quasigroups were studied by I. Fryz and F.
Sokhatsky [9, 16], who established necessary and sufficient conditions for a medial ternary
quasigroup to possess orthogonal, respectively strongly orthogonal systems of six (all) principal
parastrophes, and proved that, for any n > 3, there are no n —ary quasigroups whose set of

principal parastrophes forms a strongly orthogonal system.

Orthogonal operations, in particular orthogonal (parastrophic-orthogonal, self-orthogonal)
quasigroups have numerous applications in cryptography, codes theory, combinatorics, etc. [8].

The purpose and objectives of the thesis. The porpose of the thesis is to obtain characterizations
of n —ary quasigroups (n = 2, 3, 4), which possess an exact given number of distinct parastrophes,
in particular of totally parastrophic-orthogonal quasigroups, as well as to estimate the spectrum of
these quasigroups. To achieve the purpose of the thesis, the following objectives were formulated:
- determining the maximal sets of distinct parastrophes of an n-ary quasigroup (n = 2, 3,4),
using the subgroups of the group S,;
- characterization of the T —form of T —quasigroups with an exact given number of distinct
parastrophes, including the case when they form an orthogonal system;
- Obtaining estimations of the spectrum of finite n —ary quasigroups (n = 2, 3,4), which

have an exact given number of distinct parastrophes, including orthogonal ones.

Scientific novelty and originality. Two new classes of binary quasigroups are introduced in the
present thesis: DC — quasigroups (binary quasigroups with six distinct parastrophes) and
totCO —quasigroups (binary quasigroups whose six parastrophes form an orthogonal system). The
problem of the existence of quasigroups possessing a given number of distinct parastrophes and
of the characterization of their spectrum, formulated by C.C. Lindner and D. Steedly, is considered
for the class of n —ary T —quasigroups (n = 2, 3,4), including such quasigroups with maximal

orthogonal systems of distinct parastrophes.

Important scientific problem solved in the field consists in characterizing binary quasigroups
that possess 6 distinct parastrophes, respectively 6 orthogonal parastrophes, in describing binary
T —quasigroups with exactly 1, 2, 3 or 6 distinct parastrophes, ternary T —quasigroups with
exactly 3, 4 or 6 distinct parastrophes and 4 —ary T —quasigroups with exactly 1, 5, 10 or 20
distinct parastrophes, estimating their spectrum, determining necessary and sufficient conditions
for maximal systems of distinct parastrophes to be orthogonal, as well as in proving the non-

existence of 4 —ary T —quasigroups with exactly 2, 6 or 15 distinct parastrophes.



Theoretical significance and applicative value of the work. The results concerning the

T —forms of n —ary T —quasigroups with an exact given number of distinct parastrophes,

including orthogonal ones, as well as the proposed methods for constructing parastrophic-

orthogonal n —quasigroups, represent contributions to the solution of open problems about the
existence of n —quasigroups with a given number of distinct parastrophes and the spectrum of
parastrophic-orthogonal n —quasigroups.

Approval of scientific results. The scientific results were presented within eight special sessions

of the Seminar " Algebra and Mathematical Logic", dedicated to the memory of Professor Valentin

Belousov, held at the "Vladimir Andrunachievich” Institute of Mathematics and Computer

Science. Also, the results included in the thesis were presented at 17 specialized conferences,

including 7 international conferences outside the Republic of Moldova:

- The 32th International Conference on Applied and Industrial Mathematics, Bucharest, Romania, 18-
21 September, 2025;

- The 31th International Conference on Applied and Industrial Mathematics, Oradea, Romania, 19-22
September, 2024;

- The XII International Algebraic Conference in Ukraine dedicated to the 215th anniversary of V.
Bunyakovsky, July 02-06, 2019, Vinnytsia, Ukraine;

- The XI International Algebraic Conference in Ukraine dedicated to the 75th anniversary of V. V.
Kirichenko, July 03-07, 2017, Kyiv, Ukraine

- The 8-th International Algebraic Conference in Ukraine Dedicated to the memory of Professor V.
M. Usenko, Lugansk, 5-12 July, 2011;

- X Mexnynaponubni cemuHap ,,JIUCKpeTHass MareMaTMkKa M ee NpuiokeHus , Mocksa, 1-6
despans 2010;

- The 7-th International Algebraic Conference in Ukraine. Kharkov, 18-23 August, 2009;

- International Conference on Quasigroups and Related Systems (ConfQRS 2025), July 2 —4, 2025,
Chisindu, Republic of Moldova;

- International Conference Mathematics & IT: Research and Education (MITRE—2025), June 26— 29,
2025, Chisindu, Republic of Moldova;

- International Conference dedicated to the 60th anniversary of the foundation of V. Andrunachievici
Institute of Mathematics and Computer Science, October 10-13, 2024, Chisindu, Republic of
Moldova;

- International Scientific Conference Mathematics & IT: Research and Education (MITRE-2023),
Chisindu, Republic of Moldova, 26 — 29 June, 2023;
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- Conference on Applied and Industrial Mathematics dedicated to Academician Mitrofan M. Ciobanu,
Chisindu, Republic of Moldova, 22 — 25 August, 2012;

- International Scientific Conference “Mathematics & IT: Research and Education (MITRE-2011),
Chisindu, Republic of Moldova, 22 — 25 August, 2011;

- International Scientific Conference ‘“Mathematics & IT: Research and Education” (MITRE-2009),
Chisindu, Republic of Moldova, 8 —9 octombrie, 2009;

- Conferinta stiintifica internationald ,,Relevanta si calitatea formarii universitare: competente pentru
present si viitor european”, consacratd aniversarii de 80 de ani de la fondarea Universitatii de
Stat ,,Alecu Russo” din Balti, 3-4 octombrie 2025;

- National conference with international participation: Natural Sciences in the Dialogue of Generations,
State University of Moldova, September 18-19, 2025;

- International Workshop on Intelligent Information System: Proceeding IIS, Chisinau, 13-14
September, 2011.

Publications on the topic of the thesis. A total of 27 scientific papers were published on the topic

of the thesis, including 10 articles, of which 6 articles in peer-reviewed scientific journals, 4

articles published in collections of articles (Proceedings) and 17 abstracts of the talks at scientific

conferences.

The structure and volume of the thesis. The thesis is written in Romanian and contains:

introduction, four chapters, general conclusions and recommendations, bibliography with 162

titles and 5 annexes. The volume of the thesis is of 150 pages, including 112 pages of basic text.

Keywords: n — ary, quasigroup parastrophe, linear quasigroup, T — quasigroup, (totally)

parastrophic-orthogonal quasigroup, DC —quasigroup, totCO —quasigroup.



2. THE CONTENT OF THE THESIS

The thesis is structured in four chapters, Introduction, General conclusions and
recommendations, Bibliography and 5 annexes.

In the first chapter - Analysis of the bibliography in the field of quasigroup theory with
a given number of distinct parastrophes, an analysis of the known results that relate to the topic
of the thesis is presented. It is shown that the maximum number of distinct parastrophes of a n-ary
quasigroup (Q, A) coincides with the index |S,,41: H| of the subgroup H = {o € S,14| A = °A}in
the group S,4:. Thus, the maximal possible number of distinct parastrophes of an n —ary
quasigroup A is a divisor of the number (n + 1)! and the maximal sets of distinct parastrophes of
the n —ary quasigroup A are the sets of representatives of the classes in the quotiont set, obtained
when factoring the group S,,, by H.

In this chapter, estimations of the spectrum of binary and, respectively, ternary quasigroups
with an exact number of distinct parastrophes are given. It is shown that there exist binary
quasigroups that have exactly k distinct parastrophes, for each k = 1, 2,3 or 6, of any order g >
4. In the ternary case, the results obtained by M. McLeish regarding the existence of ternary and
n —ary quasigroups with an exact given number of distinct parastrophes and their spectrum are
presented [11, 12].

Also, in the first chapter, the results obtained by C.C. Lindner and D. Steedly [10] are
presented, which characterize the set of distinct parastrophes of a binary quasigroup (Q, A) using
the identities of two variables from the set:

T={AxAxY) =y, AQAG@.x).x) =y, A@XYy)=A@.x),
Alx, A, x)) =y,  A(A(x¥),x) =y}
In this thesis, the result obtained in [10] is specified, eliminating the penultimate identity from the

set T and using for this purpose the set:
T ={A(x, A(x,¥)) =y, A(AY, x),x) =y, A(x,y) = Ay, %), A(A(x, ¥),x) = ¥}
Proposition 1.1.4. Let (Q, A) be a binary quasigroup. The following statements are true:
1) if the quasigroup (Q, A) satisfies exactly two identities of the set T, then all its parastrophes
coincide;
2) if the quasigroup (Q, A) satisfies the identity A(A(x,y),x) =y, then (Q, A) has exactly two

distinct parastrophes, and these are A(x, y) and (124 (x,y);



3) if the quasigroup (Q,A) satisfies exactly one of the identities A(x,A(x,y)) =y,
A(A(y,x),x) =y, A(x,y) = A(y,x), then (Q,A) has exactly the following three distinct
parastrophes A(x, y), (123 4 (x, ), (132)4 (x,¥);

4) if the quasigroup (Q,A) does not satisfy any of the identities of the set T, then all its
parastrophes are distinct.

In the last paragraph of the first chapter, a method for constructing orthogonal systems of
n —ary quasigroups, given by T. Evans, is described, where orthogonal systems of quasigroups of
lower arity and the method of superpositions are used.

In the second chapter - Binary and ternary linear quasigroups with a given maximal
number of distinct parastrophes, the results of the thesis author are presented, regarding binary
and, respectively, ternary T —quasigroups, with an exact given number of distinct parastrophes.

In paragraph 2.1 the necessary and sufficient conditions are given when a binary
T —quasigroup has exactly 1, 2 or 3 distinct parastrophes and the spectrum of such quasigroups is
characterized.
Proposition 2.1.1. A binary T —quasigroup (Q, A), witha T — group (Q,+), isa TS —quasigroup
if and only if

A(xy,x;) =1Ixy + Ix, + ¢,
V x,x, € Q,wherec € Q and I(x) = —x,Vx € Q.
Corollary 2.1.2. There exist binary TS —quasigroups of any order g > 1.
Proposition 2.1.2. A binary T —quasigroup (Q, A), with a T — group (Q,+), has exactly two
distinct parastrophes if and only if there exist @ € Aut(Q, +) and an element ¢ € Q, such that
A(xy,xy) = ax, +a 1x, +c,

wherea # I,a® =1, ac = —c.

Corollary 2.1.4. There exist binary finite T-quasigroups, which have exactly two distinct

parastrophes, of any primary order g > 3.

Proposition 2.1.3. A binary T —quasigroup (Q, A), with a T — group (Q,+), has exactly three
distinct parastrophes if and only if there exists « € Aut(Q, +), @ # I, and an element ¢ € Q, such

that the operation A(x;, x,) has one of the following three forms:
ax, +ax, +c¢, Ix; +ax, + ¢, axy +Ix, +c.

Corollary 2.1.9. There exist binary finite T-quasigroups, which have exactly three distinct

parastrophes, of any order g > 2.
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The Paragraph 2.2 refers to binary quasigroups possessing six (all) distinct parastrophes,

called DC —quasigroups, and the following basic results are presented.

Proposition 2.2.1. Let (Q, A) be a DC —quasigroup. The following statements hold:

1) Any DC —quasigroup is noncommutative and nontrivial.

2) Any quasigroup that contains a DC —subquasigroup is a DC —quasigroup.

3) Any parastrophe of a DC —quasigroup is a DC —quasigroup.

4) Any nontrivial quasigroup that is a homomorphic image of a DC — quasigroup is a

DC —quasigroup.

C.C. Lindner and D. Steedly [10], showed that there exist finite binary quasigroups, with
all six distinct parastrophes, of any order g > 4. The following statements present a criterion when
a binary T —quasigroup is a DC —quasigroup and the characterization of the spectrum of finite

DC — T —quasigroups.

Theorem 2.2.1. AT —quasigroup (Q,A), A(x, y) = @x + Yy, isa DC —quasigroup if and only
if o # 1,; Y # 1and @? # I or Y? # .

Theorem 2.2.2. There exist DC — T —quasigroups of order g, foreveryq =5, q # 6.

The spectrum of finite ternary quasigroups, with exactly k distinct parastrophes, where k
is a divisor of the number 24, was characterized completely in the case k = 1, 3,4, 6,12, 24 and
partially in the case k = 2 or 8, by M. McLeish [11, 12].

F. Sokhatsky and Y. Pirus in [17, 18] obtained characterizations of ternary quasigroups
(Q,4), A(xq,x4,x3) = a1x1 + ayx, + azx3 + ¢, linear over a group (Q, +,0), where 0 is the
neutral element of the group, «;, i = 1,2, 3, are bijections on @, such that ;0 = 0,i =1, 2,3,
which has at most k distinct parastrophes (not exactly k distinct parastrophes), where k is a divisor
of 24.

In paragraph 2.3 necessary and sufficient conditions are given for a ternary T —quasigroup
to possess exactly k distinct parastrophes, where k =3, 4 or 6. Also, in this paragraph

characterizations of the spectrum of such ternary quasigroups are given.

Proposition 2.3.2. A ternary T —quasigroup (Q, A), with a T —group (Q,+), has exactly three
distinct parastrophes if and only if there exist « € Aut(Q, +) and an element ¢ € Q, such that the
operation A(x;, x,, x3) has one of the following three forms: ax; + ax, + Ix; + ¢, Ix; + ax, +

axs+c, ax; +Ix, +ax;+c, where a =1, a®? =¢, ac =Ic,I(x) = —x, Vx € Q.

11



Corollary 2.3.1. There exist ternary idempotent T —quasigroups with exactly three distinct

parastrophes.

Corollary 2.3.2. For any m > 3 there exist ternary quasigroups of order m with exactly three

distinct parastrophes.

Using the subgroups of order six of the group S,, T —forms of ternary T —quasigroups with
exactly four distinct parastrophes, and their spectrum, are characterized in paragraph 2.3.
Theorem 2.3.1. A ternary T —quasigroup (Q, A), with a T —group (Q,+), has exactly four
distinct parastrophes if and only if there exist « € Aut(Q, +) and an element ¢ € Q, such that its
T —form i sone of the following:

T, =((Q+),aaac) T,=((Q+)lac),

T: = ((Q +).Lalc), T,=(Q +)allc),
where Ix = —x, a # 1.
Corollary 2.3.4. [11] There are finite ternary quasigroups of any odd order ¢ = 3 which have
exactly 4 distinct parastrophes.

Also, in paragraph 2.3 of the thesis, ternary quasigroups with exactly six distinct
parastrophes are studied, using the seven subgroups of order four of the group S,. For each
subgroup, the T —form of the corresponding T —quasigroup was determined and the necessary
and sufficient conditions for a ternary T —quasigroup to possess exactly six distinct parastrophes
were established. A series of estimations of the spectrum of these quasigroups have been obtained.
Theorem 2.3.2. A ternary T —quasigroup (Q, A) with the T-group (Q,+) and such that H =
{o] °A = A} = Z,, has exactly six distinct parastrophes if and only if there exist « € Aut(Q,+)

and an element ¢ € Q, such that its T —form i sone of the following:

T, = ((Q,+), e 1a?,a%,¢c), T, = ((Q,+),1a? a3 a,c), Ts = ((Q,+),a, a% Ia? ),

where ac = Ic,Ix = —x,a® # ¢, a* = ¢.

Theorem 2.3.3. A ternary T —quasigroup (Q, A) with the T-group (Q,+) and such that H =
{o| A = A} =H;, i =18, 19, 20, has exactly six distinct parastrophes if and only if there exist
a € Aut(Q,+) and an element ¢ € Q, such that its T —form is sone of the following: T, =

(@), aalc) Ts=((Q+)a Lac)Te = ((Q+),I,aac), where a? # .

Theorem 2.3.4. A ternary T —quasigroup (Q, A) with the T-group (Q,+) and such that H =

{o| ’A = A} = H,; = K,, has exactly six distinct parastrophes if and only if there exist a, 8 €

12



Aut(Q,+) and an element c € Q, such that its T —form is T, = ((Q,+),1aB, a, 8, c ), where
ac=pfc=1Ic, a’?=p*=¢caf =Pa, a P, a+1p # L.

Corollary 2.3.6. There exist finite ternary quasigroups of any odd order g, (q,3) = 1, which
possesses exactly six distinct parastrophes.

Chapter three concerns with 4-ary T-quasigroups with a given exact number of distinct
parastrophes. Necessary and sufficient conditions are given for a 4 —ary T —quasigroup to have
exactly 1, 5, 10, or 20 distinct parastrophes. Some estimates of the spectrum of such quasigroups
are presented.

Proposition 3.1.3. A4 — T —quasigroup (Q, A) isa4 — TS — T —quasigroup, if and only if it
has the T —form ((Q,+),1,1,1,1,¢), where Ix = —x, Vx € Q.

Corollary 3.1.1. There exist 4 — TS — T —quasigroups of any order g € N, q > 2.

4-Ary quasigroups with exactly five distinct parastrophes are characterized by the
subgroups of order 24 of the group Ss. The symmetric group S¢ has the following 5 subgroups of
order 24, all isomorphic to S,:
H; =((1234), (12)), Hy = ((1245), (12)), Hs = ((2345), (23)).
H, =((1235), (12)), H, = ((1345), (13)),

Proposition 3.3.1. A 4-ary T —quasigroup (Q, A), with the T-group (Q, +), has exactly five
distinct parastrophes if and only if there exist « € Aut(Q, +) and an element ¢ € Q, such that its
T —form is sone of the following: T; = ((Q, +),a,a,0aa, c), T,=Q,+),I,I,a,c), T;=
(@), LLalc), T,=(Q+).Lallc) Ts=(Q +),alllc)wherea #1, Ix = —x.

Corollary 3.3.2. There exist 4 — T —quasigroups of order ¢, with exactly 5 distinct parastrophes,
for any g > 3.

Let (Q,A) be a 4 —ary quasigroup and H = {0 € Sg| °A = A}, such that |[H| = 12,H <
Ss. The group S5 has 15 such subgroups, 5 of which are isomorphic with the altern group 4,, and

10 subgroups are isomorphic with S, x S;.

Proposition 3.4.1. There does not exist 4 — T —quasigroups (Q, A) with 10 distinct parastrophes,
suchthat H = {0 € Sg| A = A} = A,.

Proposition 3.4.2. Let (Q, A) be a 4 — T —quasigroup with the T —group (Q, +) and let H €
{H;,i = 6,15}, where H = {o € Sg| °A = A} = S, X S5. Then there exist « € Aut(Q,+) and
anelement ¢ € Q, where a # I,1x = —x,Vx € Q, 0 is the neutral element of (@, +), such that (Q,

A) ha sone of the following T —forms:
13



T,=Q+H)aaalc), T,=0Q+)aalac),
T; = ((Q,4+), a1, a,a,c), T, = ((Q,+),],a,a,a,c),
Ts = ((Q,+),,1,a,a,0), Te = ((Q,+),1,a,1,a,c),
T, =@ +),La,alc), Ts = ((Q,+),al,l,ac),
To=(Q +t)alalc), Typ=(Q+)aallc).

Corollary 3.4.2. For any odd q, q = 3 there exist 4 — T —quasigroups with exactly 10 distinct
parastrophes.

To obtain the characterization of the T —forms of 4 — T —quasigroups with exactly 20
distinct parastrophes, we consider all 30 subgroups of order 6 of the group S5, namely:
1) 10 subgroups isomorphic to the cyclic group Zg:
Hy =((123)(45)), H, = ((124)(35)), H; = ((125)(34)), H, = ((134)(25)),
Hs = ((135)(24)), He = ((145)(34)), H; =((234)(15)),
Hg =((235)(14)),  Ho =((245)(13)),  Hyo = ((345)(12));
2) 20 subgroups izomorphic to S5, which are generated by two substitutions a and g, of
order 3 and, respectively 2, including:
2a) 10 subgroups, where £ is a transposition:
Hyy =((123),(12)), Hyx =((124),(12)), Hyiz = ((134), (13)),
Hy, =((125),(12)),  Hy5 =((135),(13)), Hye = ((145),(14)),
Hy; =((234),(23)),  Hig = ((235),(23)), Hyy = ((245), (24)),
Hyo =((345), (34));
2b) 10 subgroups, where g is a product of two independent transpositions:
Hyy = ((123),(12)(45)), Hpp =((124),(12)(35)), Hasz = ((125),(12)(34)),
Hyy = ((134),(13)(25)),  Haps =((135),(13)(24)), Hze = ((145),(14)(23)),
Hy7 =((234),(23)(15)),  Hag =((235),(23)(14)),  Hpe = ((245),(13)(24)),
H3o = ((345), (34)(12)).

The following results were obtained:

Theorem 3.6.1. Let (Q, A) be a 4 — T —quasigroup with the T —group (Q,+) and let H € {H,,
i = 11,20}, where H = {o € S5| A = A}. Then there exist a, f € Aut(Q,+) and an element
ce€ Q,suchthata =g, a#I, f#1, ac+c+0, fc+c+#0, Ix=—x, Vx € Q,where 0 is
the neutral element of (@, +), such that (Q, A) has one of the following T —forms:
T, = ((Q, +),a,a,a,p, c), T, = ((Q,+), a,a,pf,a, c), T; = ((Q,+),a,B,a,a,c),
=@+t Baaac), Ts=(Q+)1apc), Te = ((Q,+).L,a,1,B,0),

T,=(Q,+)Laplc), Ts=(Q ) alLlLBc), To=(Q+),alpB]Ic),
14



Tio=(Q,+),a,B5,1,1,0).

Proposition 3.6.1. The 4 — T —quasigroup (Q, A) with the T —form T, = ((Q, +), @, a,a, B, ¢ ),
wherea = g, a # 1,8 # 1, 1(x) = —x,Vx € Q, has exactly 20 distinct parastrophes.

Corollary 3.6.1. A 4 — T —quasigroup (Q, A), where {o € S| A = A} = ((123),(23)), has
exactly 20 distinct parastrophes if and only if there exist «, § € Aut(Q,+) and anelement c € Q,
such that (Q, A) has the T —form ((Q,+),a,a,a,B,c), where a # B,a =1, #1,1(x) =
—x,Vx € Q.

Theorem 3.6.2. There does not exist 4 — T —quasigroups (Q, A), such that the group H = {0 €

Ss| A = °A} is isomorphic to Zg.

Theorem 3.6.3. There does not exist 4 — T —quasigroups (Q,A), such that H € {H,,, H,y, ...,
Hso}, where H = {0 € S| A = A}

Corollary 3.6.2. There exist 4 — T —quasigroups with exactly 20 distinct parastrophes of any odd
order g > 1, where (q,3) = 1.

Also, in chapter three it is proved that there are no 4—ary T —quasigroups with exactly 2,
6 or 15 distinct parastrophes.

The group S¢ has only one subgroup of order 60 and this is As. The two distinct
parastrophes of a 4 —ary quasigroup (Q, A) with {oc € S5 | °’A = A} = Ag, are given by sets of

representatives of the cosets {As, As7 |t € S5\ A5}

Proposition 3.2.1. There does not exist 4 — T — quasigroups with exactly two distinct

parastrophes.

4 — Ary quasigroups with exactly six distinct parastrophes are characterized by the
subgroups of order 20 of the group S<. This group has exactly 6 such subgroups, namely:
H, = ((12345),(2453)),  H, = ((12435),(2453)),  H; = ((12453), (2435)),
H, = ((12543), (2534)), Hs = ((12534),(2543)),  Hg = ((13524), (3542)).

Proposition 3.2.2. There does not exist 4 —T — quasigroups with exactly six distinct

parastrophes.

4 — Ary quasigroups with exactly 15 distinct parastrophes are characterized by the

subgroups of order 8. The group Ss has a total of 15 such subgroups, all being isomorphic to the

group Dg:
Hy = ((1234), (13)); Hz = ((1324), (12)); Hs = ((1253), (15))
H, = ((1243), (14)); H, = ((1235), (13)); Hg = ((1325), (12));
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H; = ((1245), (14)); Hyo = ((1345), (14)); Hy3 =((2345), (24));
Hg = ((1254); (15)>; Hy, = ((1354)' (15)>; Hy, = ((2354); (25));
Hy = ((1425), (12)); Hy, = ((1435), (13)); Hys = ((2435), (23)).

Proposition 3.5.1. There does not exist 4 — T —quasigroups with exactly 15 distinct parastrophes.

Chapter 4 deals with parastrophic —orthogonal n —ary quasigroups, including totally
parastrophic—orthogonal ones, for n = 2, 3, 4.

In the binary case, we obtained characterizations of quasigroups in which all six
parastrophes form an orthogonal system, called totCO —quasigroups. It is shown that the class of
totCO —quasigroups is closed under the parastrophy transformation and homomorphic images,
necessary and sufficient conditions are given when a binary T — quasigroup is a

totCO —quasigroup. Estimations of the of the totCO —quasigroups spectrum are given.

Proposition 4.1.1. A T — quasigroup (Q,A), where A(x,y) =@ox+yYy+c,c€Q, is a
totCO —quasigroup if and only if the mappings ¢ +¢, ¢ —¢, Y +¢, P —¢, P>+, P + g,
o =Y, ¢+, P — € are bijections.

Corollary 4.1.1. A T —quasigroup (Z,,A), A(x,y) = ax + by, isatotCO —quasigroup if anly
if the numbers a+1,a—1, b+1, b—1,a*+b, b>+a, a—b, a+b, ab—1 are

mutually prime with n.

Corollary 4.1.2. If a T —quasigorup (Z,,A), A(x,y) = ax + by, is a totCO — quasigroup,
thena # —1,1,b,—b,—b?; b # —1, 1, —a?, ab # 1 (mod n).

Theorem 4.1.1. For any integer n > 11, what is reciprocally prime with 2, 3, 5 and 7, there exist

totCO —quasigroups of order n.

Corollary 4.1.3. There exist totCO —quasigroups of any order n = pf1p§2. . .pfs, where p; is a

prime, p; # 2,3,5,7, k; =2 1,i =1,2,...,5,s > 1.

Proposition 4.1.2. Let consider the quasigroups (Z,, 4;), i = 1,2,...,8, where:
Ai(x,y) =2x + 4y, A,(x,y) = 3x + 5y, As(x,y) = 2x + 3y, A,(x,y) = 2x + 8y,
As(x,y) = 5x + 10y, Ag(x,y) = 5x + 11y, A,(x,y) = 3x + 7y, Ag(x,y) = 3x + 9y.
The following statements are true:
1) The quasigorups (Z,, A,) and (Z,, A,), are totCO —quasigroups if and only if n is mutually
prime with each of the numbers 2, 3,5 and 7;
2) The quasigorups (Z,, A;), where i = 3,4,5,6, are totCO —quasigroups if and only if n is

mutually prime with each of the numbers 2, 3, 5, 7 and 11;
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3) The quasigorups (Z,, A,) and (Z,, Ag), are totCO —quasigroups if and only if n is mutually

prime with each of the numbers 2, 3, 5, 7 and 11.

Proposition 4.1.3. Any parastrophe of a totCO —quasigroup is a totCO —quasigroup.
Necessary and sufficient conditions are given for a ternary T-quasigroup to have exactly
three or exactly four distinct parastrophes, that form an orthogonal system. Estimations of the

spectrum of such quasigroups are obtained.

Theorem 4.2.1. A ternary T —quasigroup (Q, A), with the T —group (Q, +), has exactly three
distinct parastrophes that are also orthogonal if and only if the operation A(x;, x,, x3) has one of
the following forms:

ax, +ax, + Ix3 +c, I xq +ax, + ax; +c, ax, +Ix, + axs +c,

whereIx = —x, a # ,2a # ¢, a’?=¢, ac =Ic, a € Aut (Q,+), c € Q.

Corollary 4.2.2. There exist finite ternary quasigroups, with exactly three distinct parastrophes,

that are also orthogonal, of any odd order g > 3.

Corollary 4.2.3. Let (IR, +,7) be the field of real numbers and let (R, A) be a ternary quasigroup
linear over R. Then (R, A) is an idempotent quasigroup with exactly three distinct parastrophes,

which are also orthogonal, if and only if the operation A(x;, x,, x3) has one of the forms:
X1 +x2 _X3, xl_xZ +X3 or _X1+XZ +X3.

Corollary 4.2.4. There exist infinite ternary quasigroups with exactly three distinct parastrophes
that are also orthogonal.

In paragraph 2.3, ternary T —quasigroups with exactly 4 distinct parastrophes are studied,
giving the sets of identities that ensure the given property. Also, the T —form of the ternary
T —quasigroup operation, which possesses exactly 4 distinct parastrophes, is analyzed. Note that,
in this case, a set of four distinct parastrophes of the ternary quasigroup is:
{A, (12)34) 4 1324 4 (14)(23)A}_

According to Theorem 2.3.1, a ternary T —quasigrup (Q, A), with the T —group (Q, +),
has exactly four distinct parastrophes if and only if the operation A has one of the forms:
A (%1, X5,%3) = ax; + ax, + axs, Ay(xq, Xp, X3) = Ixq + ax, + Ix3, As(xq, X5, X3) =
Ixy + Ixy + axs, Ag(xq,x5,x3) = axq +1x, + Ix5, where a € Aut Q(+) Ix=—x, a # 1.

Using this result, the following theorem is proved:
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Theorem 4.2.2. A ternary T —quasigrup (Q,A), with the T —group (Q, +), with exactly four
distinct parastrophes, is totally parastrophic-orthogonal if and only if a +¢, €+ 2la €
AutQ(+),where a € Aut Q(+),Ix = —x, a # 1.

Corollary 4.2.6. There exist finite ternary quasigroups of any odd order g = 3 which have exactly

4 distinct parastrophes that are also orthogonal.

According to Proposition 3.3.1, a 4 — T —quasigroup has exactly five distinct parastrophes

if and only if its T —form is one of the following:
T, =(Q V) aaaac), T,=Q+),LLLac), Ts=Q+)L1alc),

T4- = ((Ql +)l Il al Il Il C)l TS = ((QI +)I al II II I' C)'
where a # I, Ix = —x. A necessary and sufficient condition when the five parastrophes are also

orthogonal is the following:

Theorem 4.3.1. A 4 —ary T —quasigroup (Q, A) with the T —form ((Q, +), ¢, @, a, a, ¢), with
exactly five distinct parastrophes, is totally parastrophic-orthogonal if and only if a + € €
Aut(Q, +).

where (a,n) =1 and (a+1,n) =1, has exactly 5 distinct parastrophes that are also
orthogonal.

Corollary 4.3.2. There exist finite 4 —ary T —quasigroups, with exactly 5 distinct and orthogonal
parastrophes, of any order g > 3.

In the last paragraph of Chapter 4, based on the method of constructing orthogonal systems
of n —ary operations, given by Trevor Evans, constructions of parastrophic-orthogonal k —ary
operations, in particular self-orthogonal ones, are presented, where k has one of the following
forms: k = n?,2", mn, forn,m > 2.

Proposition 4.4.1. Let (Q, A) be a self-orthogonal n —ary quasigroup and let {**4, “?4, ...,, “"A}
be an orthogonal system of principal parastrophes of the quasigroup (Q, A). The n? —ary grupoid
(Q, B1), where

2 2
B(4") = “a (“AGD), “AGELD, -, A (K501
is a self-orthogonal quasigroup.

Corollary 4.4.1. If there exist n —ary self-orthogonal quasigroups of order g, then there exist

n? —ary self-orthogonal quasigroups of order q.
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Corollary 4.4.2. There exist 2™ -ary self-orthogonal quasigroups of any order q, where q €
N*\{1, 2, 3, 6}.

Theorem 4.4.2. Let (Q,A) and (Q, B) be finite self-orthogonal n —ary, and respectively m —ary,
quasigroups. If {“* 4,%24, ....“"A} and {BlB, bp, ...,BmB} are orthogonal systems of principal
parastrophes of the respective quasigroups, then the groupoid (Q, C;), where

GO = PBEAGD), .., MAG -1+
is a self-orthogonal nm-ary quasigroup.

Corollary 4.4.6. If on a finite set Q there exist self-orthogonal m—ary and n—ary quasigroups (n,

m > 2), then on this set there exist self—orthogonal mn—ary quasigroups.

Corollary 4.4.7. If there exist self—orthogonal n—ary quasigroups of order g, then there exist

self-orthogonal n* —ary quasigroups of order g, where k > 2.

Corollary 4.4.8 There exist self—orthogonal 2*-ary quasigroups of any order g # 1, 2, 3, 6, for

every k > 1.

Corollary 4.4.9. There exist self—orthogonal p*-ary quasigroups of order p for any odd prime p,
and any k € N*.

The thesis contains 5 annexes that include all subgroups of the group S, and the subgroups
of orders 24, 20, 12, 8 and 6, respectively, of the group S5, T —forms of binary T —quasigroups
with exactly k distinct and orthogonal parastrophes, where k € {1, 2, 3,6}, T —forms of ternary
T —quasigroups with exactly k distinct parastrophes, where k € {1, 2, 3, 4, 6}, all parastrophes of

a ternary and, respectively 4 —ary, T —quasigroup.

19



3. GENERAL CONCLUSIONS AND RECOMMENDATIONS

This thesis refers to the theory of n —ary quasigroups with an exact number of distinct
parastrophes, in particular to n —ary quasigroups with maximal orthogonal systems of distinct
parastrophes, called totally parastrophic-orthogonal quasigroups.

The porpose of the thesis is to obtain characterizations of n —ary quasigroups (n = 2, 3, 4),
which possess an exact possible number of distinct parastrophes, in particular, maximal orthogonal
sets of parastrophes, as well as to estimate their spectrum.

The problem of the existence of quasigroups, possessing a given number of distinct
parastrophes, and of the characterization of their spectrum, formulated by Lindner and Steedly, is
considered for the class of n — T —quasigroups (n = 2,3,4), including the study of maximal
orthogonal systems of distinct parastrophes. In the ternary case, the problem of the existence of
finite quasigroups with an exact number k of distinct parastrophes was solved by M. McLeish,
integrally for k =1,3,4,6,12,24 distinct parastrophes and partially for k = 2,8 distinct
parastrophes. The problem of characterizing linear binary quasigroups with an exactly given
number of distinct parastrophes, including orthogonal ones, was initiated by the author of the thesis
in collaboration with G. Beleavskaya [4], and in the ternary case was considered also by F.
Sokhatsky, Y. Pirus and I. Fryz.

The thesis containes the following main results obtained by the author:

1. Two new classes of binary quasigroups are introduced and studied: DC — quasigroups
(quasigroups with six distinct parastrophes) and totCO —quasigroups (quasigroups with six
orthogonal parastrophes);

2. It is proved that the class of DC —quasigroups is closed under the parastrophy transformation
and that any nontrivial quasigroup that is the homomorphic image of a DC —quasigroup is a
DC —quasigroup;

3. The spectrum of finiteDC — T —quasigroups is characterized. It is shown that there exist DC —
T —quasigroups of order n, foranyn =5, n # 6;

4. Characterizations of totCO —quasigroups are obtained. In particular, it is shown that the class
of totCO —quasigroups is closed under parastrophy transformation and homomorphic images,
and necessary and sufficient conditions are given when a binary T — quasigrup is a
totCO —quasigroup;

5. C.C. Lindnerand D. Steedly [10] showed that there exist finite binary quasigroups with exactly

1, 2, 3 or 6 distinct parastrophes and completely characterized their spectrum. To solve these
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10.

problems, they used, in particular, five identities of length four, with two variables. The author

of the thesis specified this result, showing that one of the five identities may be eliminated

(Proposition 1.1.4);

Necessary and sufficient conditions are given when a ternary T —quasigroup has exactly k

distinct parastrophes, where k = 3,4 or 6. Examples are constructed and the following

estimations of their spectrum are given:

a) there exist finite ternary quasigroups, with exactly three distinct parastrophes, of any order

q=3;

b) there exist finite ternary T —quasigroups with exactly four distinct parastrophes, of any odd

order q = 3;

c) there exist finite ternary T —quasigroups exactly six distinct parastrophe of any odd order

q,(q,3) =1;

Necessary and sufficient conditions are given when a 4 —ary T —quasigrup has exactly 1, 5,

10 or 20 distinct parastrophes. Some estimations of the spectrum of such quasigroups are

given;

It is proved that there does not exist 4 —ary T —quasigroups with exactly 2, 6, or 15 distinct

parastrophes;

Estimations of the spectrum of parastrophic-orthogonal and totally parastrophic-orthogonal

n —ary quasigroups, n = 2, 3,4, including of totCO —quasigroups are given:

a) there does not exist binary totCO —quasigroups of order less than 7, but there exist such
quasigroups of any order g, which is mutually prime with 2, 3, 5 and 7;

b) there exist finite ternary quasigroups with exactly three distinct parastrophes, which are
also orthogonal, of any odd order q = 3;

c) there exist finite ternary quasigroups of any odd order g = 3 which have exactly 4 distinct
parastrophes which are also orthogonal;

d) there exist 4-ary quasigroups with exactly 5 orthogonal parastrophes of any order q > 3;

Based on the method of constructing orthogonal systems of n —ary operations, given by

Trevor Evans, constructions of n —ary parastrophic-orthogonal operations are given, in

particular constructions of k —ary self-rthogonal operations, where k has one of the following

forms: k = n?, 2™, mn, withn, m > 2. Thus it is obtained that, if on a finite set Q there exist

self-orthogonal m —ary and, respectively n —ary quasigroups, where n, m > 2, then on this

set there exist self-orthogonal mn —ary quasigroups. In particular, from this construction it
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follows that there exist self-orthogonal 2™ —ary quasigroups of any order g # 1, 2, 3, 6, for
everyn = 1.

The results of the author T. Rotari (T. Popovich) on the topic of her doctoral thesis were
published in 27 scientific papers, including 10 scientific articles and 17 abstracts of

communications at scientific conferences.

Recommendations:
The method of characterizing T — quasigroups with an exact given number of distinct
parastrophes can be used to obtain analogous results in the case of 4 —ary quasigroups with
exactly k distinct parastrophes for k > 24, k|120;
Tthe spectrum of ternary quasigroups with exactly two or exactly eight distinct parastrophes
requires the development of new methods for constructing such quasigroups, for example,
combinatorial methods;
. When characterizing n —ary totally parastrophic-orthogonal quasigroups with exactly k
distinct parastrophes, where k < n, other definitions of orthogonality can be used;
Orthogonal systems of n —ary quasigroups, n = 2, can be used in constructing MDS-codes, in

cryptography, in planning experiments, in combinatorics, etc.
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ADNOTARE

la teza cu titlul ,,Quasigrupuri cu parastrofii distincti ortogonali”, inaintata de candidatul
Rotari Tatiana, pentru conferirea titlului stiintific de doctor in stiinte matematice la specialitatea
111.03 — Logica matematica, algebra si teoria numerelor,
Chisinau, 2026

Structura tezei: teza este scrisa in limba romana si cuprinde: introducere, patru capitole,
concluzii generale si recomandari, bibliografie 162 de titluri si 5 anexe. Teza contine 112 pagini
cu text de baza. Rezultatele obtinute sunt publicate in 27 lucrari stiintifice cu volum total de circa
6,06 coli de autor.

Cuvinte-cheie: quasigrup n-ar, parastrof, quasigrup liniar, T-quasigrup, quasigrup (total)
parastrofic-ortogonal, DC-quasigrup, totCO-quasigrup.

Scopul si obiectivele lucrarii. Scopul tezei consta in obtinerea unor caracterizari ale
quasigrupurilor n-are (n = 2, 3,4), ce poseda un numar maximal posibil de parastrofi distincti, in
particular, a quasigrupurilor total parastrofic-ortogonale, precum si estimarea spectrului lor. Pentru
atingerea scopului vizat sunt fixate urmatoarele obiective: studiul unor clase de quasigrupuri binare
si n-are cu un numar dat de parastrofi distincti, inclusiv ortogonali; dezvoltarea unor metode de
constructie a quasigrupurilor n-are parastrofic-ortogonale.

Noutatea si originalitatea stiintifici. In lucrare sunt introduse doui clase noi de
quasigrupuri binare: DC —quasigrupuri (cei sase parastrofi sunt distincti) si totCO-quasigrupuri
(cei sase parastrofi sunt ortogonali). Problema existentei quasigrupurilor ce posedd un numar dat
de parastrofi distincti si a caracterizarii spectrului lor, formulatd de Lindner si Steedly, este
considerata pentru clasa n-quasigrupurilor liniare (n = 2, 3, 4), inclusiv cu sistemele maximale
ortogonale de parastrofi distincti.

Problema stiintifica importanta solutionata consta in caracterizarea quasigrupurilor
binare ce poseda 6 parastrofi distincti, respectiv 6 parastrofi ortogonali, in descrierea T -
quasigrupurilor binare cu 1, 2, 3 sau 6 parastrofi distincti si a T-quasigrupurilor 4-are ce poseda
numarul maximal de 1,5,10 sau 20 de parastrofi distincti, inclusiv distincti si ortogonal, si
estimarea spectrului lor.

Semnificatia teoretica si valoarea aplicativa a lucririi. Rezultatele referitoare la T-
formele n-T-quasigrupurilor cu un numar maximal dat de parastrofi distincti, inclusiv ortogonali,
cat si metodele propuse de constructie a n-quasigrupurilor parastrofic-ortogonale, reprezinta
contributii la solutionarea problemelor deschise despre existenta n-quasigrupurilor cu un numar
dat de parastrofi distincti si spectrul n-quasigrupurilor parastrofic-ortogonale.

Implementarea rezultatelor stiintifice. Sistemele ortogonale de quasigrupuri n —are,
n = 2, sunt utilizate cu succes la construirea MDS-codurilor, in criptografie, la planificarea
experimentelor, In combinatorica s.a. Rezultatele lucrarii pot fi utilizate 1n calitate de suport pentru

cursuri universitare de specialitate.
28



ANNOTATION
of the thesis entitled “Quasigroups with orthogonal distinct parastrophes”, presented
by the candidate Rotari Tatiana, for obtaining the degree of Doctor in Mathematical Sciences
with specialty 111.03 Mathematical logic, algebra and number theory,
Chisinau, 2026

Structure of the thesis: the thesis is written in Romanian and consists of an introduction,
four chapters, general conclusions and recommendations, a bibliography of 162 titles and 5
appendices. The thesis contains 112 pages of basic text. The obtained results were published in 27
papers with a volume of over 6,06 sheets of author.

Keywords: n-quasigroup, parastrophe, linear quasigroup, T -quasigroup, (totally)
parastrophic- orthogonal quasigroup, DC-quasigroup, totCO-quasigroup.

Research purpose and objectives: The purpose of the Thesis is to obtain characterizations
of n-ary quasigroups (n=2,3,4), which possess a maximal possible number of distinct parastrophes,
in particular, maximal orthogonal sets of parastrophes, as well as to estimate their spectrum. To
achieve the intended goal, the following objectives are set: the study of classes of binary and n-
ary quasigroups with a given number of distinct parastrophes, including orthogonal ones; the
development of methods for constructing parastrophic-orthogonal n-ary quasigroups.

Scientific novelty and originality: In the present Thesis, two new classes of binary
quasigroups are introduced: DC-quasigroups (the six parastrophes are distinct) and totCO-
quasigroups (the six parastrophes are orthogonal). The problem of the existence of quasigroups,
which possess a given number of distinct parastrophes, and of the characterization of their
spectrum, formulated by Lindner and Steedly, is considered for the class of linear n-quasigroups
(n = 2, 3,4), including with maximal systems of orthogonal distinct parastrophes.

The result obtained: consists in characterizing binary quasigroups possessing 6 distinct
parastrophes, respectively 6 orthogonal parastrophes, in the description of binary and 4-ary T-
guasigroups, possessing a given maximum number 1, 2, 3 or 6, and respectively, 1, 5, 10 or 20 of
distinct parastrophes, including distinct and orthogonal parastrophes, and estimating their
spectrum.

The theoretical significance and applicative value: The results concerning the T-forms of
n-T-quasigroups with a given maximal number of distinct parastrophes, including orthogonal ones,
as well as the proposed methods for constructing parastrophic-orthogonal n-quasigroups, represent
contributions to the solution of open problems about the existence of n-quasigroups with a given
number of distinct parastrophes and the spectrum of parastrophic-orthogonal n-quasigroups.

Implementation of the results: Orthogonal systems of n-quasigroups, n = 2, are used in
the theory of MDS-codes, in criptography, planning experiments, in combinatorics etc. The results
may be applied as a support for teaching courses in higher education.
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AHHOTALIUA
K nuccepranuu «KBa3zurpynmnsl, y KOTOPbIX pa3jinuHble NapacTpodbl
OPTOrOHAJIBLHBI», Nipe/cTaBieHHas Poraps TaTnaHoii Ha couckaHue CTENeHu JOKTOpa
MaTeMaTUYECKUX HayK Hayk 1o crenuanbHocTH — 111.03 MaTtemarudeckas JIoruka, ajareopa
U TeOpHs Yucell,
Kumunés, 2026

CrpyKTypa auccepTamum: JUccepTalis HallMcaHa HA PyMBIHCKOM fI3BIKE U COCTOUT W3
BBEJICHHMSI, YETHIPEX IJ1aB, OOIIMX BBIBOJOB M peKOMEHAanui, oubdauorpaduu u3 162 HazBanuii u
S5 mnpunoxenuii. uccepramus comepxkut 112 crpanun ocHoBHOro tekcra. [lomydyenHbie
pe3yNbTaThl ONyOIMKOBaHbI B 27-1 HAy4HBIX paboTax ¢ o0mmm 00bEMOM 0K0JI0 6,06 aBTOPCKHUX
JINCTOB.

KuroueBble cjioBa: N-KBa3UrpyImna, mapactpod, TuHeiiHas KBa3Urpymnmna, I -KBa3urpynna,
(ToTanpHO) mapacTpoHO-OpTOroHaNbHAs KBazurpymmna, DC-kBasurpynma, totCO-kBa3urpymma.

Heap n 3axaum padorbl: Llens auccepranuy COCTOUT B OMMCAHUM N-KBa3urpynn (n =
2, 3,4), obnanaroiux 3aJJaHHBIM YUCIIOM PAa3IMYHBIX apacTpo(doB, B 4aCTHOCTU, MAKCUMAIbHBIM
OpPTOTOHAIBHBIM MHOKECTBAM IMapacTpodoB, a TAKKE OLUEHUTh MX CHEKTp. s HOCTHXKEHUS
MIOCTABJICHHOW LIE€JTM ONPEICIICHBI CIEAYIONINE 3a0aul: U3yUYeHHe KIacCOB OMHAPHBIX U N-apHBIX
KBa3UTPYNI C 3aJaHHBIM YHCIOM Pa3UYHBIX NapacTpodoB, BKIOYAs OpPTOTOHAIBHBIX;
pa3paboTKa METOOB IMOCTPOCHHS MapacTpOPHO-OPTOrOHAIBHBIX N-KBA3UTPYIII.

Hayunast HoBH3HA U OPUTHHAJBHOCTL: B nuccepranuy BBOJISATCS M UCCIIETYIOTCS JIBa
HOBBIX Ki1acca kBasurpymni: DC-kBazurpymmet u totCO-kBasurpymnmsl. [Ipobinema cymiecTBoBanus
KBa3UIPyIIl, 00JIaAAI0NMX 3alaHHBIM YHCIIOM Pa3IMUHBIX MapacTpod, U ONMMCAaHUE UX CIEKTpa,
chopmynupoBanHas JlungHepom u Cremiu, 3accMaTpuBaeTcs Uil Kjacca JIMHEHHBIX -
kBasurpynn (n=2,3,4), B TOM 4Yuclie O0O0JaJalolIMX OPTOTOHAIBHOM CHCTEMOW pa3IMYHBIX
napactpodos.

Pemiennasi HayyHasi mnpoOjeMa: COCTOMT B ONHMCAHUM OWHApHBIX KBa3uIpymil,
obmamaromux 6 pa3MMUHBIME  TapacTpodaMu, COOTBETCTBEHHO 6  OPTOrOHAJIBHBIMU
napactpodamu, onucaHuu OWHAPHBIX U 4-apHBIX 7-KBa3uTPyMIl, 00JaJar0IUX MaKCUMaIbHBIM
guciioMm u3 1, 2, 3 wimu 6 u, coorBeTcTBeHHO, M3 1, 5, 10 wim 20 paznuvHbIX mapacTpodoB, B TOM
YHCIIe PA3IMYHBIX U OPTOrOHAIBHBIX MapacTpo(oB, U OLEHKU UX CIIEKTpa.

Teopernueckoe 3HaYyeHMe M MNPHUKJIAIHAS LEeHHOCTh PpadoTbl. Pe3ynbraTh,
kacatomuecs: T-¢popM N-T-KBa3urpynn ¢ 3aJaHHBIM YUCJIOM Pa3INYHbIX MapacTpogoB, BKItOUas
OpPTOTOHAJIbHBIE, & TAKXKE MPEITI0KEHHBIE METObI TIOCTPOCHHUS TapacTpo(PHO-OPTOrOHATIBLHBIX N-
KBa3UTPYII, TMPEACTABISIIOT co00M BKJIaJ B PEIIEHUE OTKPHITHIX MpoOJeM CyliecTBOBaHMS N-
KBa3UTPYyMIl C 3a/IaHHBIM YHCIIOM Pa3JIMYHBIX MMapacTpopoB U ONMUCAHUS CIEKTpa MmapacTpodHo-
OPTOTOHAIBHBIX N-KBA3UTPYTIIL.

Buenpenue pe3yabraroB. OpTOroHaJbHBIE CHUCTEMBI N-KBA3UTPYIMH, N = 2, YCHEUIHO
npuMeHsitoTest npu  noctpoeHnn MDS-xonmoB, B kpunrorpaduu, npu  IUTAHUPOBAHHH
HKCIIEPUMEHTOB, B KOMOMHATOPHUKE U T.1. Pe3ynbTaThl MOTyT OBITH MPUMEHEHBI AJIs pa3paboTKu

CHEIHaJIbHBIX KYPCOB B CUCTEME BBICIIETO 00pa30BaHUS.
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