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1. CONCEPTUAL GUIDELINES OF THE RESEARCH 

The actuality and importance of the research topic. The development of quasigroup theory 

began in the 1930s. The term quasigroup was introduced in a paper published by R. Moufang in 

1935, which referred to the coordination of projective planes. However, the concept of quasigroups 

had actually been considered much earlier by Schroeder, who, between 1873 and 1890, wrote a 

series of papers on "formal arithmetic": i.e., algebraic structures with a binary operation such that 

both the left inverse and the right inverse could be uniquely defined. Such a structure is a 

quasigroup [3, 9, 23].  

A binary groupoid (𝑄, 𝐴) is called a quasigroup if, for ∀𝑎, 𝑏 ∈ 𝑄, each of the equations     

𝐴(𝑎, 𝑥) = 𝑏 and 𝐴(𝑦, 𝑎) = 𝑏 have a unique solution in 𝑄 .  

Latin squares are the combinatorial analogue of finite binary quasigroups. We call a latin 

square of order 𝑞, defined on a set 𝑄 of 𝑞 elements, any table with 𝑞 rows and 𝑞 columns, at the 

intersection of which are the elements of the set 𝑄, such that the elements do not repeat either in 

rows or in columns. Quasigroups (latin squares) have numerous practical applications. In 

particular, due to their combinatorial properties, they are used in coding theory and cryptography, 

in the theory of experimental design, in automata theory, etc.  

Let 𝑄 be a finite set of q elements. Any non-empty subset 𝐶 ⊆ 𝑄𝑛, where 𝑛 ≥ 1, is called 

a code of length 𝑛, or a 𝑛 -code, over the alphabet 𝑄. An 𝑛-code 𝐶 ⊆ 𝑄𝑛 is an [𝑛, 𝑘]𝑞-code if 

|𝐶| = 𝑞𝑘, where |𝑄| = 𝑞 and 𝑘 ≥ 1 , and an [𝑛, 𝑘]𝑞-code C is an [𝑛, 𝑘, 𝑑]𝑞-code if its minimum 

Hamming distance of C is 𝑑. It is known that the parameters of an [𝑛, 𝑘, 𝑑]𝑞-code satisfy the 

inequality 𝑑 ≤ 𝑛 − 𝑘 + 1 [17, 18, 27]. If an [𝑛, 𝑘, 𝑑]𝑞-code has the minimum Hamming distance 

equal to 𝑛 − 𝑘 + 1, then we say that this code reaches the upper Singleton bound, i.e. is an MDS-

code. It currently remains an open problem to determine all sets (𝑛, 𝑘, 𝑑, 𝑞) of natural numbers 

such that there exist MDS codes C of length n, over an alphabet of q elements, with |𝐶| = 𝑞𝑘 and 

with the minimum Hamming distance 𝑑.  

A code 𝐶 ⊆ 𝑄𝑛 is called a complete s-recursive code, where 1 ≤ 𝑠 ≤ 𝑛 − 1, if there exists 

a mapping  𝑓: 𝑄𝑠 → 𝑄, such that any code word 𝑢 = (𝑢0, 𝑢1, … , 𝑢𝑛−1) ∈ 𝐶 satisfies the condition 

𝑢𝑖+𝑠 = 𝑓(𝑢𝑖, 𝑢𝑖+1, … , 𝑢𝑖+𝑠−1), for any  𝑖 = 0,1, … , 𝑛 − 𝑠 − 1, denoting in this case   𝐶 = 𝐶(𝑛, 𝑓). 

The notions of "recursive derivative" and "recursively differentiable quasigroup" were 

introduced in [10], where the authors study complete recursive MDS codes. The recursive 

derivative of order 𝑡 ≥ 0 of an 𝑘-ary groupoid (𝑄, 𝐴) is denoted by 𝐴(𝑡) and is defined as follows: 

𝐴(0) = 𝐴, 

𝐴(𝑡)(𝑥1
𝑘) = 𝐴(𝑥𝑡+1, . . . , 𝑥𝑘, 𝐴

(0)(𝑥1
𝑘), . . . , 𝐴(𝑡−1)(𝑥1

𝑘)) if 1 ≤ 𝑡 < 𝑘; 
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𝐴(𝑡)(𝑥1
𝑘) = 𝐴(𝐴(𝑡−𝑘)(𝑥1

𝑘), . . . , 𝐴(𝑡−1)(𝑥1
𝑘)) if 𝑡 ≥ 𝑘,  

∀𝑥1, . . . , 𝑥𝑘 ∈ 𝑄, where we denote the sequence 𝑥1, 𝑥2, . . . , 𝑥𝑘 by  𝑥1
𝑘.  

An 𝑛-ary grupoid (𝑄, 𝐴) is called an n -ary quasigroup, or n-quasigroup, if in the equality 

𝐴(𝑥1, . . . , 𝑥𝑛) = 𝑥𝑛+1  any 𝑛  of the elements 𝑥1, . . . , 𝑥𝑛, 𝑥𝑛+1  uniquely determine the remaining 

one [4]. A 𝑘-ary quasigrup (𝑄, 𝐴) is called recursively 𝑟-differentiable if its recursive derivatives 

𝐴(0), 𝐴(1), . . . , 𝐴(𝑟) are quasigroup operations (𝑟 ≥ 0).  

In the case of a binary quasigroup (𝑄,∗), denoting by ∗
𝑡
 the recursive derivative of order 𝑡 

of the operation ∗, we have:  

 𝑥 ∗
0
𝑦 = 𝑥 ∗ 𝑦, 

        𝑥 ∗
1
𝑦 = 𝑦 ∗ (𝑥 ∗ 𝑦), 

                        𝑥 ∗
𝑡
𝑦 = (𝑥 ∗

𝑡−2
𝑦) ∗ (𝑥 ∗

𝑡−1
𝑦), ∀𝑡 ≥ 2 and ∀𝑥, 𝑦 ∈ 𝑄.  

It is known that there exist recursively 1-differentiable finite binary quasigroups of any order q, 

exept for 𝑞 = 1, 2, 6 and possibly 14, 18, 26 [10, 21]. Some estimations of the maximum order of 

recursive differentiability of finite 𝑛 quasigroups (𝑛 ≥ 2) are given in [1, 10]. General properties 

of recursively differentiable binary quasigroups are studied in [8, 10, 15, 16, 19]. 

The length 𝑛 of code words in a 𝑘-recursive code  

𝐶(𝑛, 𝐴) = {(𝑥1, . . . , 𝑥𝑘, 𝐴
(0)(𝑥1

𝑘), . . . , 𝐴(𝑛−𝑘−1)(𝑥1
𝑘))|𝑥1, . . . , 𝑥𝑘 ∈ 𝑄}, 

defined over an alphabet 𝑄 of 𝑞 elements, where 𝐴:𝑄𝑘 → 𝑄 is a 𝑘-ary operation of quasigroup, 

satisfies the inequality 𝑛 ≤ 𝑟 + 𝑘 − 1, where 𝑟 is the maximum order of recursive differentiability 

of the quasigroup (𝑄, 𝐴). The study of the parameters for which 𝐶(𝑛, 𝐴) is an MDS-code implies, 

in particular, the problem of determining the maximum order of recursive differentiability of 𝑘-

ary finite quasigroups (𝑘 ≥ 2).  

The recursive differentiability of  𝑛-ary quasigroups is closely related to the orthogonality 

of recursive derivatives [10]. 𝑛-Ary groupoids (𝑄, 𝐴1), … , (𝑄, 𝐴n)  are called orthogonal if, for 

any  𝑎1, … , 𝑎𝑛 ∈ 𝑄, the system of equations 

{
𝐴1(𝑥1, … , 𝑥𝑛) = 𝑎1

…………
𝐴𝑛(𝑥1, … , 𝑥𝑛) = 𝑎𝑛

 

has a unique solution in 𝑄. A set of 𝑡 𝑛-ary operations defined on a set 𝑄, where 𝑡 ≥ 𝑛, is called 

an orthogonal system if any 𝑛 operations of this set are orthogonal [17, 18]. A system of           𝑛-

ary operations 𝐴1, … , 𝐴𝑡, where 𝑡 ≥ 1, defined on a set 𝑄, is called a strongly orthogonal system 

if the system {𝐴1, … , 𝐴𝑡 , 𝐸1, … , 𝐸𝑛}  is orthogonal, where 𝐸𝑖(𝑥1, … , 𝑥𝑛) = 𝑥𝑖 ,  for any     

𝑥1, … , 𝑥𝑛 ∈ 𝑄, is the 𝑛-ary 𝑖 - selector, 𝑖 ∈ {1,2, … , 𝑛}. 
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In [10] it is shown that a 𝑘-quasigroup defines an MDS code of length 𝑛 if and only if its 

first 𝑛 − 𝑘 − 1 recursive derivatives form a strongly orthogonal system. Therefore, the operation 

of the 𝑘 -quasigroup that defines a recursive MDS code of length 𝑛  is recursively  

(𝑛 − 𝑘 − 1) – differentiable. Also, it is known that a system of binary quasigroups is strongly 

orthogonal if and only if it is (simply) orthogonal [17, 18].  

Another "special property" of binary quasigroups is given in [10]: recursive derivatives of 

order up to 𝑟 of a finite binary quasigroup (𝑄,∗) are quasigroup operations if and only if (𝑄,∗) 

defines a recursive MDS code of length 𝑟 + 3 . Thus, a finite binary quasigroup (𝑄,∗)  is 

recursively 𝑟-differentiable if and only if the set of its recursive derivatives of order s, where s≤ 𝑟, 

form an orthogonal system. The last statement implies that there does not exist recursively 1-

differentiable quasigroups of order 2 or 6, and that 𝑟 can not exeed 𝑞 − 2, where 𝑞 = |𝑄| and 𝑟 is 

the order of recursive differentiability of the quasigroup 𝑄. An algebraic proof of the inequality 

𝑟 ≤ 𝑞 − 2 is given in [24].  

In [10] it is shown that there exist finite binary recursively (𝑞 − 2) -differentiable 

quasigroups of any primary order 𝑞 ≥ 3. However, it remains an open problem to determine the 

maximum order 𝑟 of recursive differentianility of finite 𝑘-ary quasigroups of order 𝑞, for 𝑘 ≥ 2 

and 𝑞 non-primary. 

In the theory of orthogonal operations (orthogonal latin squares), the notion of transversal 

plays an important role [3, 17, 18]. We call a transversal of a latin square of order 𝑛 a set of 𝑛 cells 

taken by one from each row and each column of the latin square, such that the elements in these 

cells are pairwise distinct. It is known that for a latin square 𝐿 of order 𝑛, there exists an orthogonal 

latin square if and only if 𝐿 decomposes into 𝑛 pairwise disjoint transversals.  

The notion of transversal is closely related to that of complete mapping (or complete 

substitution) [3, 13, 14, 18, 22, 25, 26]. A bijective fuction 𝜎 ∈ 𝑆𝑄 is called a complete mapping 

of a quasigroup (𝑄,∙) if the function 𝜎′: 𝑄 → 𝑄,  𝜎′(𝑥) = 𝑥 ∙ 𝜎(𝑥) is bijective. The concept of 

complete mapping was introduced by Mann [20]. If 𝑄  is a quasigroup that has a complete 

mapping, then its multiplication table is a latin square with a transversal. Conversely, if 𝐿 is a latin 

square that has a transversal, then the quasigroup, that has 𝐿 as its multiplication table, has a 

complete mapping. Any finite group of odd order possesses a complete mapping: in these groups, 

the function 𝑥 → 𝑥𝑥 is bijective [18].  

In 1967 Ryser raised the question of whether there are quasigroups of odd order that do not 

have a complete mapping. It is known that there are quasigroups of even order that do not have 

complete mappings. In particular, Mann proved that, if the quasigroup 𝑄  of order 4𝑘 + 2 
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possesses a subquasigroup of order 2𝑘 + 1, then its multiplicative table has no transversals. It is 

relevant to note that if 𝑄 is a quasigroup that has a complete mapping, then any isotope of Q has a 

complete mapping as well [17, 18].  

A prolongation of a finite quasigroup 𝑄 is a higher-order quasigroup obtained from 𝑄 by 

adjoining a finite number of new elements and redefining the operation. The notion of prolongation 

was introduced by V. Belousov in 1967, who, using a finite quasigroup of order 𝑛 with a complete 

mapping, presented a method for constructing a quasigroup of order 𝑛 + 1, by adjoining a new 

element [2, 3]. This method generalizes a method given by Bruck (1944) for extending a finite 

idempotent quasigroup by adjoining a new element. Methods of prolongation of quasigroups were 

also given by Osborn (1961), Denes and Pasztor (1963), Belyavskaya (1969), Elspas, Minnick, 

and Short (1963), Deriyenko and Dudek (2008, 2013), and Derienko (2009) [7, 12]. Remark that 

Yamamoto (1961) used the same concept, calling it 1-extension, in connection with the 

construction of pairs of mutually orthogonal latin squares. He also defined an inverse construction, 

which he called 1-contraction, subsequently studied in a series of papers [5, 6, 11, 28]. 

The purpose and objectives of the work. The purpose of the thesis is to characterize the 

recursive differentiability of binary and n-ary quasigroups, including prolongations of 

quasigroups, to estimate the maximum order of recursive differentiability and the spectrum of 

finite recursively differentiable quasigroups. To achieve the intended goal, the following 

objectives are set: characterizing the recursive differentiability of binary quasigroups and n-ary 

groups, to determine new methods of prolongation of finite binary quasigroups, and to study the 

recursive differentiability of quasigroup prolongations. 

Novelty and scientific originality In the present work, criteria for recursive 

differentiability of order 𝑛 ≥ 1 of binary and 𝑛-ary quasigroups are determined, a new method of 

prolongation of finite binary quasigroups is given, by using two transversals that intersect exactly 

in one cell, and the number of such pairs of transversals in latin squares of order ≤ 5 is found. It 

is proved that there do not exist latin squares of order 5 with recursively differentiable 

prolongations, obtained by the given method, where one of the transversals is the main diagonal 

with the given order of elements 1,2,3,4,5 or 2,3,4,5,1. 

The main solved scientific problem consists of determining necessary and sufficient 

conditions of recursive differentiability, of arbitrary finite order, of a class of 𝑛-ary groups, in 

presenting a new method of prolongation of finite binary quasigroups, by using two transversals 

that intersect exactly in one cell, and in characterizing the recursive differentiability of such 

prolongations. 
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The significance of theoretical and practical values of the work. The results related to 

the characterization of the recursive differentiability of binary and 𝑛-ary quasigroups, as well as 

the prolongation of quasigroups by various methods, refer to open problems in quasigroup theory 

related to the estimation of the spectrum of recursively differentiable quasigroups and have 

essential applications in the theory of MDS codes for detecting/correcting the maximum number 

of errors, providing new estimations of the parameters of such codes. 

Publications on the topic of the doctoral thesis. The research results were published in 

14 scientific works, including 3 articles in peer-reviewed journals, 2 articles in proceedings of  

scientific conferences, and 9 abstracts at scientific conferences. 

Thesis structure and volume. The thesis is written in romanian and contains: an 

introduction, three chapters, general conclusions and recommendations, bibliography of 129 items, 

2 annexes, 11 figures and 16 tables. The thesis has a volume of 133 pages (including 104 pages of 

basic text). 

Keywords: quasigroup, latin square, transversal, recursive derivative, recursively 

differentiable quasigroup, prolongation of latin squares. 
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2. CONTENTS OF THE THESIS 

The thesis consist of three chapters containing theoretical and practical results regarding 

recursively differentiable binary and 𝑛 -ary quasigroups, methods of prolongation of finite 

quasigroups, and recursive differentiability of prolongations. 

In the Introduction, the topicality and importance of the problem addressed is argued, the 

purpose and objectives of the research are formulated, the scientific novelty and originality are 

argued, as well as the theoretical significance and applicative value of the doctoral thesis. The 

scientific problem studied highlights the theoretical and applicative importance of the work. A 

brief analysis of the problems and publications on the topic of the thesis is presented. At the end 

of this section, a summary of the content of the work is presented..  

The first chapter – Analysis of the situation in the field of recursively differentiable 

quasigroup theory and quasigroup extension methods – consists of three paragraphs. This 

chapter reviews the current state in the field of recursively differentiable quasigroup theory, since 

the emergence of this class of quasigroups within the theory of MDS codes. The study of 

recursively differentiable quasigroups allows, in particular, the construction of new MDS codes 

and the obtaining of new characterizations of the parameters of these codes (minimum Hamming 

distance, length, number of codewords, etc.). The relationship between the parameters of a 

complete recursive code, in particular, complete recursive MDS code, and the order of recursive 

differentiability of a finite quasigroup raises the question of the existence of finite (binary or 𝑛-

ary) recursively differentiable quasigroups with a given order of recursive differentiability. Among 

the unsolved problems to date is the one concerning the existence of recursively 1-differentiable 

binary quasigroups of order 14, 18 or 26.  

A prolongation of a finite quasigroup Q is a construction by which higher-order 

quasigroups can be obtained by adding one or more new elements to Q, and redefining the 

operation of this quasigroup. Several methods of prolongation of finite quasigroups are known in 

the literature. The study of the recursive differentiability of quasigroup prolongations offers the 

possibility to obtain characterizations of the spectrum (order) of recursively differentiable 

quasigroups. One of the existing approaches in the development of methods for constructing 

prolongations of finite quasigroups is the one that uses complete, respectively quasi-complete, 

mappings of quasigroups. Complete mappings of a finite quasigroup define transversals in the 

corresponding latin square. Thus, methods of prolongation of finite quasigroups, using complete 

substitutions, are found in combinatorics as methods of prolongation of latin squares using their 

transversals. 
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This chapter presents general results concerning complete mappings of a quasigroup and 

the existence of transversals in Latin squares. The known methods of prolongation of finite 

quasigroups (Bruck, Belousov, Belyavskaya, Dudek-Derienko, etc.) are described and illustrated 

by examples.  

Therefore, Chapter 1 characterizes the relationships between the algebraic structure of 

quasigroups, coding theory, and combinatorial aspects of latin squares, providing a rigorous 

theoretical framework for the construction of recursively differentiable quasigroups, the 

construction and analysis of recursive codes with optimal parameters, and methods for 

constructing prolongations of finite quasigroups (latin squares). 

The second chapter – Recursively Differentiable Quasigroups – consists of three 

paragraphs. This chapter presents algebraic properties of binary and 𝑛 -ary recursively 1-

differentiable quasigroups, in particular those of binary and 𝑛-ary groups. Criteria for recursive 

differentiability of binary quasigroups are given, characterizing the recursiv 1-differentiability of 

their parastrophes (Proposition 2.1.2), and relations between some groups (the multiplication 

group, the right multiplication group, the automorphism group, the semiautomorphism group) of 

a recursively 1-differentiable quasigroup and those of its recursive derivative of order 1 

(Propositions 2.1.7 and 2.1.8).  

Proposition 2.1.2. Let (𝑄,⋅) be a binary quasigroup. The following statements hold: 

1.  𝑙(⋅) is recursively 1-differentiable if and only if (⋅) ⊥𝑙𝑟 (⋅); 

2.  𝑟(⋅)  is recursively 1-differentiable if and only if  𝑟𝑙(⋅) ⊥𝑙𝑟 (⋅); 

3.  𝑟𝑙(⋅) is recursively 1-differentiable if and only if  𝑠(⋅) ⊥𝑟 (⋅); 

4.  𝑙𝑟(⋅) is recursively 1-differentiable if and only if  𝑙(⋅) ⊥𝑟 (⋅);  

5.  𝑠(⋅) is recursively 1-differentiable if and only if (⋅) ⊥𝑟𝑙 (⋅). 

Proposition 2.1.7. Let (𝑄,∘) be a recursively 1-differentiable quasigroup and let (𝑄,∘
1
) be its 

recursive derivative of order one: 𝑥 ∘
1
𝑦 = 𝑦 ∘ (𝑥 ∘ 𝑦), ∀𝑥, 𝑦 ∈ 𝑄 . Then any congruence of the 

quasigroup (𝑄,∘) is also a congruence in (𝑄,∘
1
). 

Proposition 2.1.8. Let (𝑄,∘) be a quasigroup and let (𝑄,∘
1
) be its recursive derivative of order 1. 

The following inclusions hold:   

    a)  𝑅𝑀 (𝑄,∘
1
) ⊆ 𝑀(𝑄,∘);  

    b)  𝐴𝑢𝑡(𝑄,∘) ⊆ 𝐴𝑢𝑡(𝑄,∘
1
).  

In Theorem 2.1.1, the recursive s-differentiability of the quasigroup (ℤ𝑛,∗) is characterized, 

where 𝑥 ∗ 𝑦 = 𝑎̅ 𝑥 + 𝑦, ∀𝑥, 𝑦 ∈ ℤ𝑛, (𝑎, 𝑛) = 1 , (𝑠 ≥ 1). Applying this theorem in Proposition 
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2.1.10, examples of recursive quasigroups (𝑞 − 2) - )-differentiable of prime order 3 ≤ 𝑞 ≤ 19 

are obtained.  

Theorem 2.1.1. Let 𝑛 ≥ 2, 𝑎 = 𝑛 − 𝑘, 𝑘 ∈ {1, . . . , 𝑛 − 1}, (𝑎, 𝑛) = 1  şi 𝑥 ∗ 𝑦 = 𝑎𝑥 + 𝑦, ∀𝑥, 𝑦 ∈

ℤ𝑛. If, for some 𝑠 ≥ 1, the recursive derivatives (ℤ𝑛,∗
𝑠
) and (ℤ𝑛, ∗

𝑠+1
), where 𝑥 ∗

𝑖
𝑦 = 𝑢𝑖𝑥 + 𝑣𝑖𝑦,

𝑖 = 𝑠, 𝑠 + 1, are quasigroups, then (ℤ𝑛, ∗
𝑠+2
) is a quasigroup if and only if (−𝑘𝑐𝑠 + 𝑐𝑠+1, 𝑛) = 1, 

where 𝑐𝑠 and 𝑐𝑠+1 are the remainders from dividing 𝑣𝑠 and 𝑣𝑠+1 by 𝑛, respectively.  

Proposition 2.1.10. Let (ℤ𝑛,∗),  where 𝑥 ∗ 𝑦 = 𝑎𝑥 + 𝑦, ∀𝑥, 𝑦 ∈ ℤ𝑛,  be a quasigroup. The 

following statements are true:   

1.  (ℤ3,∗) is recursively 1-differentiable if and only if 𝑎 = 1;  

2.  (ℤ5,∗) is recursively 3-differentiable if and only if 𝑎 = 3;  

3.  (ℤ7,∗) is recursively 5-differentiable if and only if 𝑎 = 1 or 4;  

4.  (ℤ11,∗) is recursively 9-differentiable if and only if 𝑎 = 3 or 4;  

5.  (ℤ13,∗) is recursively 11-differentiable if and only if 𝑎 = 5,8 or 11;  

6.  (ℤ17,∗) is recursively 15-differentiable if and only if 𝑎 = 7 or 10;  

7.  (ℤ19,∗) is recursively 17-differentiable if and only if 𝑎 = 1,5 or 7. 

In Propositions 2.1.4 and 2.1.5, all recursively differentiable quasigroups, defined on sets 

of  ≤ 4 elements, are determined. 

Proposition 2.1.4. There are exactly 6 recursively 1-differentiable quasigroups of order 3. 

Proposition 2.1.5. There are exactly 48 recursively 1-differentiable quasigroups of order 4, of 

which 8 are recursively 2- differentiable (the maximum possible order). 

In paragraph 2.2, recursively differentiable binary groups are studied. For the criterion of 

recursive 𝑠 −differentiability of finite abelian groups, given in [16], new equivalent conditions are 

presented (Proposition 2.2.2). 

Proposition 2.2.1. [16] Let (𝐺,⋅) be an abelian group. For any ∀𝑛 ≥ 3, and any 𝑥, 𝑦, 𝑎 ∈ 𝐺, the 

following equalities hold: 

 𝑥 ⋅
𝑛
𝑎 = 𝑥𝑏𝑛 ⋅ 𝑎𝑏𝑛+1; 𝑎 ⋅

𝑛
𝑦 = 𝑦𝑏𝑛+1 ⋅ 𝑎𝑏𝑛,  

where (𝑏𝑛)𝑛∈ℕ∗ is the Fibonacci sequence: 

𝑏1 = 𝑏2 = 1, 𝑏𝑘 = 𝑏𝑘−2 + 𝑏𝑘−1, ∀𝑘 ≥ 3. 

Proposition 2.2.2. Let (𝐺,⋅) be a finite abelian group and let (𝑏𝑛)𝑛∈ℕ∗ be the Fibonacci sequence, 

where 𝑏1 = 𝑏2 = 1. The following statements are true: 

1. The group (𝐺,⋅) is recursively 𝑘- differentiable if and only if the function 𝜑𝑖(𝑥) = 𝑥𝑏𝑖 is 
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injective for every 𝑖 = 1, 𝑘 + 1. 

2. The group (𝐺,⋅)  is recursively 𝑘 -differentiable if and only if 𝑥𝑏𝑖 ≠ 𝑒, ∀𝑥 ∈ 𝐺\  {𝑒},  𝑖 =

1, 𝑘 + 1. 

3. Any finite abelian group of odd order is recursively 1- differentiable. 

4. Any finite abelian group of even order is not recursively 1 - differentiable.  

In the last paragraph of Chapter 2, recursively differentiable 𝑛 -ary quasigroups are 

investigated. The main result of this paragraph is contained in Theorem 2.3.1, where a criterion 

for recursive 𝑟-differentiability (𝑟 ≥ 1) of the 𝑛-ary group (𝑄, 𝐵) is given, where 𝐵(𝑥1
𝑛) = 𝑥1 ⋅

𝑥2 ⋅. . .⋅ 𝑥𝑛, (𝑄,⋅) is a finite binary abelian group, and 𝑛 ≥ 2. 

Proposition 2.3.1. Let (𝑄,⋅) be a finite binary group and 𝑛 ≥ 2. The 𝑛-ary group (𝑄, 𝐵), where 

𝐵(𝑥1
𝑛) = 𝑥1 ⋅ 𝑥2 ⋅. . .⋅ 𝑥𝑛, ∀𝑥1, 𝑥2, . . . , 𝑥𝑛 ∈ 𝑄,  is recursively 1-differentiable if and only if the 

function 𝑥 → 𝑥2 is a bijection in (𝑄,⋅).  

Corollary 2.3.1. There exist recursively 1- differentiable finite n-quasigroups of any odd order  

𝑞 ≥ 3,  for any 𝑛 ≥ 2.  

Theorem 2.3.1. Let (𝑄,⋅) be a finite binary abelian group and let 𝑛 ≥ 2, 𝑟 ≥ 1 be two natural 

numbers. The 𝑛-ary group (𝑄, 𝐵), where 𝐵(𝑥1
𝑛) = 𝑥1 ⋅ 𝑥2 ⋅. . .⋅ 𝑥𝑛,  for any 𝑥1, 𝑥2, . . . , 𝑥𝑛 ∈ 𝑄, is 

recursively 𝑟-differentiable if and only if the functions 𝑥 → 𝑥𝑠𝑖
𝑘
 are bijections in the group (𝑄,⋅), 

∀𝑖 = 1, … , 𝑛 and for any 𝑘 = 1, … , 𝑟, where the sequences (𝑠𝑖
𝑘)𝑘≥0 are defined as follows:   

1.  𝑘 = 0 

𝑠1
0 =. . . = 𝑠𝑛

0 = 1; 

2.  1 ≤ 𝑘 < 𝑛 

𝑠𝑡
𝑘 = 𝑠𝑡

0+. . . +𝑠𝑡
𝑘−1,  ∀𝑡 = 1,… , 𝑘; 

𝑠𝑡
𝑘 = 1 + 𝑠𝑡

0+. . . +𝑠𝑡
𝑘+1,  ∀𝑡 = 𝑘 + 1, … , 𝑛; 

3.  𝑘 ≥ 𝑛 

𝑠𝑡
𝑘 = 𝑠𝑡

𝑘−𝑛+. . . +𝑠𝑡
𝑘−1, ∀𝑡 = 1, … , 𝑛.  

This result generalizes the criterion obtained by V. Izbash and P. Syrbu for finite abelian 

groups [16]. 

The last chapter – Recursive differentiability of some prolongations of quasigroups – 

consists of three paragraphs. This section is dedicated to analyzing the possibility of extending a 

finite quasigroup by adjoining new elements and redefining the operation, as well as studying the 

recursive differentiability of the prolongations. 
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In Paragraph 3.1, necessary and sufficient conditions are determined, such that the 

prolongations of a finite binary quasigroup, obtained using the R.H.Bruck’s and V.Belousov’s 

constructions, respectively, are recursively 1-differentiable (Theorems 3.1.1 and 3.1.2). 

Let (𝑄,⋅) be a finite quasigroup of order 𝑞 and 𝑄 = {1,2, . . . , 𝑞} such that the function 𝑥 ↦

𝑥 ⋅ 𝑥 is a bijection. Then the main diagonal of the Cayley table of (𝑄,⋅) is a transversal, whose 

elements are given by the function 𝜃: 𝑄 ↦ 𝑄, 𝜃(𝑥) = 𝑥 ⋅ 𝑥 . R.H. Bruck considered such 

prolongations for idempotent quasigroups, i.e., in the case 𝜃 = 𝜀,  where 𝜀  is the identical 

substitution on Q. 

According to Bruck's method, the prolongation (𝑄′,∘)  of the quasigroup (𝑄,⋅) , where     

𝑄 = {1, . . . , 𝑞} and 𝑄′ = 𝑄 ∪ {𝜉}, 𝜉 ∈ 𝑄, is defined as follows:  

 𝑥 ∘ 𝑦 =

{
 
 

 
 
𝑥 ⋅ 𝑦  𝑖𝑓  𝑥 ≠ 𝑦  𝑎𝑛𝑑  𝑥, 𝑦 ∈ 𝑄;

𝜉  𝑖𝑓  𝑥 = 𝑦  𝑎𝑛𝑑 𝑥 ∈ 𝑄;

𝜃(𝑥)  𝑖𝑓  𝑦 = 𝜉  𝑎𝑛𝑑  𝑥 ∈ 𝑄;

𝜃(𝑦)  𝑖𝑓  𝑥 = 𝜉  𝑎𝑛𝑑  𝑦 ∈ 𝑄;

𝜉  𝑖𝑓  𝑥 = 𝑦 = 𝜉.

 (1) 

Thus, the prolongation (𝑄′,∘) is a quasigroup with the Cayley table: 

∘ 1 … 𝑞 𝜉 

1 𝜉 … … 𝜃(1) 

… … … … … 

𝑞 … … 𝜉 𝜃(𝑞) 

𝜉 𝜃(1) … 𝜃(𝑞) 𝜉 

Table 3.1. 

where 𝑥 ∘ 𝑦 = 𝑥 ⋅ 𝑦, for any 𝑥 ≠ 𝑦 in 𝑄. Note that not every transversal on the main diagonal gives 

a recursively 1-differentiable prolongation, as follows from the next statement.  

Proposition 3.1.1. Let (𝑄,⋅) be a finite quasigroup such that the function 𝜃: 𝑄 ↦ 𝑄, 𝜃(𝑥) = 𝑥 ⋅ 𝑥 

is a bijection. If the prolongation (𝑄′,∘) given in (1), where 𝑄′ = 𝑄 ∪ {𝜉}, 𝜉 ∈ 𝑄, is a quasigroup, 

then 𝜃(𝑥) ≠ 𝑥, ∀𝑥 ∈ 𝑄.  

Theorem 3.1.1. Let (𝑄,⋅) be a finite quasigroup such that the function 𝜃: 𝑄 ↦ 𝑄, 𝜃(𝑥) = 𝑥 ⋅ 𝑥 is 

a bijection and 𝜃(𝑥) ≠ 𝑥, ∀𝑥 ∈ 𝑄. Then the prolongation (𝑄′,∘), obtained using Bruck's method, 

where 𝑄′ = 𝑄 ∪ {𝜉}, 𝜉 ∈ 𝑄, is recursively 1-differentiable if and only if the following conditions 

are satisfied:   

1.  {𝑓𝑥  |  𝑥 ∈ 𝑄} = 𝑄, where 𝑓𝑥 ⋅ 𝑥 = 𝑥, ∀𝑥 ∈ 𝑄;  

2.  𝜃 is a complete substitution of (𝑄,⋅);  

3.  for any 𝑥 ∈ 𝑄, {𝜃(𝑥), 𝑦 ⋅ (𝑥 ⋅ 𝑦), 𝜃2(𝑥)|  𝑦 ∈ 𝑄, 𝑥 ≠ 𝑦, 𝑦 ≠ 𝑥 ⋅ 𝑦} = 𝑄.  
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Belousov's method of prolongation uses an arbitrary transversal of the Cayley table, not 

necessarily one on the main diagonal. Let {(𝑥, 𝜃(𝑥))  |  𝑥 ∈ 𝑄}, where 𝜃 ∈ 𝑆𝑄, be a transversal of 

a finite quasigroup (𝑄,⋅). Then the function 𝜃′: 𝑄 → 𝑄, 𝜃′(𝑥) = 𝑥 ⋅ 𝜃(𝑥) is a bijection. According 

to Belousov's method, the prolongation (𝑄′,∘), where 𝑄′ = 𝑄 ∪ {𝜉}, 𝜉 ∈ 𝑄, is defined as follows:  

 𝑥 ∘ 𝑦 =

{
 
 

 
 
𝑥 ⋅ 𝑦  𝑖𝑓  𝑦 ≠ 𝜃(𝑥)  𝑎𝑛𝑑  𝑥, 𝑦 ∈ 𝑄;

𝜉  𝑖𝑓  𝑦 = 𝜃(𝑥)  𝑎𝑛𝑑  𝑥, 𝑦 ∈ 𝑄;

𝜃′(𝜃−1(𝑦))  𝑖𝑓  𝑥 = 𝜉  𝑎𝑛𝑑  𝑦 ∈ 𝑄;

𝜃′(𝑥)  𝑖𝑓  𝑦 = 𝜉  𝑎𝑛𝑑  𝑥 ∈ 𝑄;

𝜉  𝑖𝑓  𝑥 = 𝑦 = 𝜉.

 (2) 

We note that if θ′ is a bijection, then (Q′,∘) is a quasigroup with the following Cayley table:  

∘ … 𝜃(𝑥) … 𝑦 … 𝜉 

… … … … … … … 

𝑥 … 𝜃′(𝑥) … 𝑥 ⋅ 𝑦 … 𝜃′(𝑥) 

… … … … … … … 

𝜉 … … … 𝜃′(𝜃−1(𝑥)) … 𝜉 

Table 3.3 

Proposition 3.1.2. Let (𝑄,⋅)  be a finite quasigroup and 𝜃 ∈ 𝑆𝑄  such that 𝜃′: 𝑄 → 𝑄,               

𝜃′(𝑥) = 𝑥 ⋅ 𝜃(𝑥) is a bijection. Then the recursive derivative (𝑄′,∘
1
) of the prolongation (𝑄′,∘) 

given in (2) is the following:  

 𝑥 ∘
1
𝑦 =

{
 
 
 

 
 
 
𝑦 ⋅ (𝑥 ⋅ 𝑦)  𝑖𝑓  𝑦 ≠ 𝜃(𝑥 ⋅ 𝑦), 𝑦 ≠ 𝜃(𝑥)  𝑎𝑛𝑑  𝑥, 𝑦 ∈ 𝑄;

𝜉  𝑖𝑓  𝑦 = 𝜃(𝑥 ⋅ 𝑦), 𝑦 ≠ 𝜃(𝑥)  𝑎𝑛𝑑  𝑥, 𝑦 ∈ 𝑄;

𝜃′(𝜃(𝑥))  𝑖𝑓  𝑦 = 𝜃(𝑥)  𝑎𝑛𝑑  𝑥, 𝑦 ∈ 𝑄;

𝑦 ⋅ 𝜃′(𝜃−1(𝑦))  𝑖𝑓  𝑦 ≠ 𝜃(𝜃′(𝜃−1(𝑦))), 𝑥 = 𝜉  𝑎𝑛𝑑  𝑦 ∈ 𝑄;

𝜉  𝑖𝑓  𝑦 = 𝜃(𝜃′(𝜃−1(𝑦))), 𝑥 = 𝜉  𝑎𝑛𝑑  𝑦 ∈ 𝑄;

𝜃′(𝜃−1(𝜃′(𝑥)))  𝑖𝑓  𝑦 = 𝜉  𝑎𝑛𝑑  𝑥 ∈ 𝑄;

𝜉  𝑖𝑓  𝑥 = 𝑦 = 𝜉.

  

Theorem 3.1.2. Let (𝑄,⋅)  be a finite quasigroup, 𝜃 ∈ 𝑆𝑄  such that the function 𝜃′: 𝑄 ↦ 𝑄 ,   

𝜃′(𝑥) = 𝑥 ⋅ 𝜃(𝑥)  is a bijection, and let 𝜃−1(𝑦) ≠ 𝜃′(𝜃−1(𝑦)), ∀𝑦 ∈ 𝑄 . Then the prolongation 

(𝑄′,∘), obtained by Belousov's method, is recursively 1-differentiable if and only if the following 

conditions hold:   

1.  {𝜃−1(𝑦)/𝑦  |  𝑦 ∈ 𝑄} = 𝑄;  

2.  the substitution 𝑦 ↦ 𝑦 ⋅ 𝜃′(𝜃−1(𝑦)) is a bijection in 𝑄;  

3.  for any 𝑥 ∈ 𝑄, {𝜃′(𝜃(𝑥)), 𝑦 ⋅ 𝑥𝑦, 𝜃′(𝜃−1(𝜃′(𝑥)))|𝑦 ≠ 𝜃(𝑥 ⋅ 𝑦), 𝑦 ≠ 𝜃(𝑥), 𝑦 ∈ 𝑄} = 𝑄.  

In Paragraph 3.2, a method is proposed for constructing prolongations of a finite 

quasigroup using two transversals (of the Cayley table of the quasigroup) that intersect at a single 

point. It is shown that there are 12 ways to extend a latin square using this method. The existence 
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of pairs of transversals that intersect exactly at one point is analyzed, both in the general case and 

in latin squares of order 4 (in latin squares of order 3 there are no such pairs of transversals, as 

follows from p. a) below). It is shown that:  

a) a latin square of order 𝑛 can have at most 𝑛 − 2 transversals that intersect at a single point, 

being disjoint two by two at the other points (Proposition 3.2.1); 

Definition 3.2.1. We call a free transversal of a latin square 𝐿 of order 𝑛, any set of 𝑛 cells taken 

by exactly one from each row and each column of 𝐿. 

Proposition 3.2.1. A latin square of order 𝑛 can have at most 𝑛 − 2 ordinary transversals that 

intersect at a single point, being disjoint in pairs at the other points.  

b) in any latin square of order four there are exactly 96 pairs of free transversals, and 

respectively 13824 pairs of ordinary transversals, which intersect exactly in one cell (Proposition 

3.2.3; Corollary 3.2.3). 

Proposition 3.2.2. The latin square of order four has exactly 24 free transversals. 

Proposition 3.2.3. In any latin square of order four, there are exactly 96 pairs of free transversals 

that intersect exactly in one cell. 

Corollary 3.2.3. In any latin square of order four, there are exactly 13824 pairs of ordinary 

transversals that intersect exactly in one cell. 

Let (𝑄,⋅) be a finite quasigroup of order 𝑞 and let the Cayley table of the quasigroup (𝑄,⋅) 

contain two transversals 𝑇1 and 𝑇2, that have a single common cell, located at the intersection of 

the row of the element 𝑥 with the column of the element 𝑦. We denote the element in the common 

cell of the transversals 𝑇1 and 𝑇2 by 𝑎. We now consider the set 𝑄′ = 𝑄 ∪ {𝜉1, 𝜉2}, where 𝜉1, 𝜉2 ∉

𝑄. On the set 𝑄′ we define the operation ∘ as follows: we fill the cells, other than the common cell, 

of one transversal with 𝜉1, and those of the other with 𝜉2. We transfer the elements from the cells 

of the two transversals, except for the element in the common cell, keeping their order, to the cells 

of the row and column of the elements 𝜉1 and 𝜉2, respectively. The cells remaining in the row of 

the element 𝑥, the column of the element 𝑦 and at the intersection of the rows and columns of the 

elements 𝜉1 and 𝜉2 can be filled in several possible ways, but following this method, there are 

exactly 12 possibilities for extending the quasigroup 𝑄 by adding two new elements and using 2 

transversals that intersect exactly in one cell. These possibilities are illustrated in the diagrams 

below: 

 



 

 

16 

 

 ∘ … … 𝑦0 … … 𝜉1 𝜉2   ∘ … … 𝑦0 … … 𝜉1 𝜉2 

 … … … … … … … …   … … … … … … … … 

 … … … … … … … …   … … … … … … … … 

I. 𝑥0 … … 𝜉1 … … 𝑎 𝜉2  II. 𝑥0 … … 𝜉1 … … 𝑎 𝜉2 

 … … … … … … … …   … … … … … … … … 

 … … … … … … … …   … … … … … … … … 

 𝜉1 … … 𝑎 … … 𝜉2 𝜉1   𝜉1 … … 𝜉2 … … 𝜉1 𝑎 

 𝜉2 … … 𝜉2 … … 𝜉1 𝑎   𝜉2 … … 𝑎 … … 𝜉2 𝜉1 
 

 ∘ … … 𝑦0 … … 𝜉1 𝜉2   ∘ … … 𝑦0 … … 𝜉1 𝜉2 

 … … … … … … … …   … … … … … … … … 

 … … … … … … … …   … … … … … … … … 

III. 𝑥0 … … 𝜉1 … … 𝜉2 𝑎  IV. 𝑥0 … … 𝜉1 … … 𝜉2 𝑎 

 … … … … … … … …   … … … … … … … … 

 … … … … … … … …   … … … … … … … … 

 𝜉1 … … 𝜉2 … … 𝑎 𝜉1   𝜉1 … … 𝑎 … … 𝜉1 𝜉2 

 𝜉2 … … 𝑎 … … 𝜉1 𝜉2   𝜉2 … … 𝜉2 … … 𝑎 𝜉1 
 

 ∘ … … 𝑦0 … … 𝜉1 𝜉2   ∘ … … 𝑦0 … … 𝜉1 𝜉2 

 … … … … … … … …   … … … … … … … … 

 … … … … … … … …   … … … … … … … … 

V. 𝑥0 … … 𝜉2 … … 𝑎 𝜉1  VI. 𝑥0 … … 𝜉2 … … 𝑎 𝜉1 

 … … … … … … … …   … … … … … … … … 

 … … … … … … … …   … … … … … … … … 

 𝜉1 … … 𝑎 … … 𝜉1 𝜉2   𝜉1 … … 𝜉1 … … 𝜉2 𝑎 

 𝜉2 … … 𝜉1 … … 𝜉2 𝑎   𝜉2 … … 𝑎 … … 𝜉1 𝜉2 
 

 ∘ … … 𝑦0 … … 𝜉1 𝜉2   ∘ … … 𝑦0 … … 𝜉1 𝜉2 

 … … … … … … … …   … … … … … … … … 

 … … … … … … … …   … … … … … … … … 

VII. 𝑥0 … … 𝜉2 … … 𝜉1 𝑎  VIII. 𝑥0 … … 𝜉2 … … 𝜉1 𝑎 

 … … … … … … … …   … … … … … … … … 

 … … … … … … … …   … … … … … … … … 

 𝜉1 … … 𝜉1 … … 𝑎 𝜉2   𝜉1 … … 𝑎 … … 𝜉2 𝜉1 

 𝜉2 … … 𝑎 … … 𝜉2 𝜉1   𝜉2 … … 𝜉1 … … 𝑎 𝜉2 
 

 ∘ … … 𝑦0 … … 𝜉1 𝜉2   ∘ … … 𝑦0 … … 𝜉1 𝜉2 

 … … … … … … … …   … … … … … … … … 

 … … … … … … … …   … … … … … … … … 

IX. 𝑥0 … … 𝑎 … … 𝜉1 𝜉2  X. 𝑥0 … … 𝑎 … … 𝜉1 𝜉2 

 … … … … … … … …   … … … … … … … … 

 … … … … … … … …   … … … … … … … … 

 𝜉1 … … 𝜉1 … … 𝜉2 𝑎   𝜉1 … … 𝜉2 … … 𝑎 𝜉1 

 𝜉2 … … 𝜉2 … … 𝑎 𝜉1   𝜉2 … … 𝜉1 … … 𝜉2 𝑎 
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 ∘ … … 𝑦0 … … 𝜉1 𝜉2   ∘ … … 𝑦0 … … 𝜉1 𝜉2 

 … … … … … … … …   … … … … … … … … 

 … … … … … … … …   … … … … … … … … 

XI. 𝑥0 … … 𝑎 … … 𝜉2 𝜉1  XII. 𝑥0 … … 𝑎 … … 𝜉2 𝜉1 

 … … … … … … … …   … … … … … … … … 

 … … … … … … … …   … … … … … … … … 

 𝜉1 … … 𝜉2 … … 𝜉1 𝑎   𝜉1 … … 𝜉1 … … 𝑎 𝜉2 

 𝜉2 … … 𝜉1 … … 𝑎 𝜉2   𝜉2 … … 𝜉2 … … 𝜉1 𝑎 

Figure 3.3 

Proposition 3.2.4. Six of the 12 possible prolongations (Cases I, IV, VI, VII, X, XI), by adding two 

new elements and using two transversals that intersect exactly in one cell, are not recursively 1- 

differentiable. 

Problem 3.2.1. Can the prolongations of a recursively 1-differentiable quasigroup, obtained by 

the considered method (by adding two new elements and by using two transversals that intersect 

exactly in one cell), be recursively 1- differentiable? 

In the last paragraph of Chapter 3, the prolongations of quasigroups of order 5 (latin squares 

of order 5) are studied using the proposed method, i.e., by adjoining two new elements and using 

two transversals that intersect exactly in a single cell.  

Proposition 3.3.1. In a latin square 𝐿 of order 5 there are 45 pairs of free transversals, one of 

them being the main diagonal of 𝐿, each pair of transversals having a single cell in common.  

It is proved that there are exactly 48 different latin squares of order 5, which possess 2 

transversals, one of which is the main diagonal of 𝑇 (with the fixed order of the elements), and the 

second has a single cell in common with 𝑇 (Proposition 3.3.2).  

Proposition 3.3.2. There are exactly 48 latin squares of order 5, which have 2 transversals that 

intersect in a single cell, one of these transversals being the main diagonal, with the fixed order 

of the element.  

Remark that the 48 Latin squares have a total of 240 pairs of transversals that intersect in 

a single cell, one of the transversals of each pair being on the main diagonal with the fixed order 

of the elements in it. 

Annex 1 presents the 240 pairs of transversals (𝑇, 𝑆) that intersect in a single cell, for the 

case when the order of the elements on the main diagonal T is 2,3,4,5,1.  

The problem of the recursive 1-differentiability of prolongations of quasigroups of order 

5, by adjoining two new elements and using two transversals that intersect exactly at one point, 
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one of which is the main diagonal T, is solved (negatively), when the order of the elements in the 

transversal T is 1,2,3,4,5 or 2,3,4,5,1 (Proposition 3.3.3). 

Proposition 3.3.3. The prolongations of latin squares of order 5 by the addition of two new 

elements and the use of two transversals, with a single common cell, one of which is on the main 

diagonal and has the fixed order of elements 1,2,3,4,5 or 2,3,4,5,1, are not recursively 1-

differentiable. 
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3. GENERAL CONCLUSIONS AND RECOMMENDATIONS 

The present thesis refers to the theory of recursively differentiable binary and 𝑛 -ary 

quasigroups, methods of prolongation of finite quasigroups, and the study of the recursive 

differentiability of prolongations.  

The main scientific problem solved consists of proving a criterion of recursive 

differentiability of arbitrary finite order for a class of 𝑛-ary groups, in presenting a new method of 

prolongation of finite binary quasigroups by using two transversals that intersect exactly in a cell, 

and in characterizing the recursive differentiability of these prolongations. 

The thesis provides characterizations of the recursive differentiability of binary and 𝑛-ary 

quasigroups, including prolongations of quasigroups, and estimates of the maximum order of 

recursive differentiability and the spectrum of finite recursively differentiable quasigroups.  

The present work containes criteria for the recursive differentiability of order 𝑟 ≥ 1 of 

binary and 𝑛 -ary quasigroups, and presents a new method of prolongation of finite binary 

quasigroups  by adding two new elements and using two transversals that intersect exactly in a 

cell, characterizing the number of such pairs of transversals in latin squares of order ≤ 5. The non-

existence of recursively differentiable latin squares of order 5 is proved, whose prolongations 

obtained by the given method, one of the transversals being the main diagonal with a certain pre-

established order of elements, are recursively differentiable.  

The author's contribution can be summarized in the following main conclusions: 

1. A criterion for recursive 𝑟-differentiability (𝑟 ≥ 1) of the 𝑛-ary group (𝑄, 𝐵), where 

𝐵(𝑥1
𝑛) = 𝑥1 ⋅ 𝑥2 ⋅. . .⋅ 𝑥𝑛 , ∀𝑥1, 𝑥2, . . . , 𝑥𝑛 ∈ 𝑄,  𝑛 ≥ 2, and (𝑄,⋅) is a finite binary abelian group, 

was given. This result generalizes in the 𝑛-ary case the criterion obtained by V. Izbash and                     

P. Syrbu for finite abelian groups in [16].  

2. The recursive 𝑠 -differentiability of the quasigroup (ℤ𝑛,∗)  was characterized, where     

𝑥 ∗ 𝑦 = 𝑎𝑥 + 𝑦, ∀𝑥, 𝑦 ∈ ℤ𝑛, (𝑎, 𝑛) = 1, 𝑠 ≥ 1. This result allows the construction of recursively 

(𝑞 − 2)-differentiable linear quasigroups (over the group ℤ𝑞). 

3. All recursively differentiable quasigroups of order ≤ 4  have been determined. It is 

shown that there are 6 recursively 1-differentiable quasigroups of order 3, 48 recursively 1-

differentiable quasigroups of order 4, and 8 recursively 2-differentiable quasigroups of order 4 

(Propositions 2.1.4 and 2.1.5). 

4. A method for constructing prolongations of a finite quasigroup, by adjoining two new 

elements and using two transversals (of the Cayley table of the quasigroup) that intersect at a single 
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point, was proposed. The existence of such pairs of transversals was analyzed. In particular, it was 

shown that:  

a) a latin square of order 𝑛 can have at most 𝑛 − 2 ordinary transversals that intersect at a 

single point, being disjoint two by two at the other points;  

b) in any latin square of order four there are exactly 96 pairs of free transversals, and 

respectively 13824 pairs of ordinary transversals, which intersect exactly in one cell;  

c) there are exactly 48 different latin squares of order 5, each with 2 transversals, one of 

which is the main diagonal 𝑇 (with the fixed order of elements), and the second has only one cell 

in common with 𝑇; there are exactly 240 pairs of transversals corresponding to the 48 different 

latin squares of order 5. 

5. The problem of recursive 1-differentiability of prolongations of quasigroups of order 5, 

obtained by adjoining two new elements and using two transversals that intersect exactly at one 

point, one of which is the main diagonal 𝑇, when the order of the elements in 𝑇 is 1, 2, 3, 4, 5 or 

2, 3, 4, 5, 1, has been solved (negatively) . 

6. Necessary and sufficient conditions, such that the prolongations of finite binary 

quasigroups, obtained using the Bruck and Belousov constructions, respectively, are recursively 

1-differentiable, were determined. 

The author's results related to the thesis topic are published in [1-14].  

The thesis proposed for defense contains criteria for recursive differentiability of finite 

binary and finite 𝑛-ary quasigroups, and of the prolongations of quasigroups by various methods. 

The thesis proposes and studies a new method of prolongation of finite quasigroups by adjoining 

two new elements and using two transversals that intersect in a single cell. 

Recommendations: 

a)  The proposed method for extending finite quasigroups can be generalized for any suitable 

number of transversals of a latin square that intersect in a single cell. 

b) The results concerning the recursive 1-differentiability of the prolongations can be used 

to characterize their recursive differentiability of order 𝑟 ≥ 2. 

c) The conditions and criteria for the recursive differentiability of finite binary or 𝑛-ary 

quasigroups (groups) can be applied to obtain new estimations of the spectrum of these 

quasigroups (groups). 

d) The characterizations related to the new method of prolongation of quasigroups, presented 

in the present thesis, can serve as a tool for researching the existence of such recursively 
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differentiable prolongations. In particular, the existence of prolongations of the given type, which 

are recursively 1-differentiable, in the case of quasigroups of order 5 (general case) remains an 

open problem. 

e) The results of the thesis can be used for further research in the field of quasigroup theory 

and in adjacent fields of algebra, geometry, and combinatorics, in code theory and cryptography. 

The results can also be used as support for specialized university courses. 
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ADNOTARE 

la teza cu titlul ”Extensibilitatea și derivabilitatea recursivă a quasigrupuilor”,  

înaintată de către candidatul – Cuznețov Elena, pentru conferirea titlului științific de doctor în 

științe matematice la specialitatea - 111.03. Logică matematică, algebră și teoria numerelor, 

Chișinău, 2026. 

Structura tezei: teza este scrisă în limba română și constă din introducere, trei capitole, 

concluzii generale și recomandări, bibliografie din 129 de titluri și 2 anexe. Teza conține 104 de 

pagini cu text de bază, 11 figuri și 16 tabele. Rezultatele obținute sunt publicate în 14 lucrări. 

Cuvinte-cheie: quasigrup, pătrat latin, transversală, derivată recursivă, quasigrup recursiv 

derivabil, prelungire a pătratului latin. 

Scopul lucrării: caracterizarea derivabilității recursive a quasigrupurilor binare și n-are, 

inclusiv a prelungirilor quasigrupurilor, estimarea ordinului maximal de derivabilitate recursivă și 

a spectrului quasigrupurilor recursiv derivabile finite. 

Obiectivele cercetării: caracterizarea derivabilității recursive a quasigrupurilor binare și a 

grupurilor n-are, determinarea unor noi metode de prelungire a quasigrupurilor binare finite și 

studiul derivabilității recursive ale prelungirilor quasigrupurilor. 

Noutatea și originalitatea științifică: În lucrare sunt determinate criterii ale derivabilității 

recursive de ordin 𝑟 ≥ 1 ale quasigrupurilor binare și n-are, este data o metodă nouă de prelungire 

a quasigrupurilor binare finite prin utilizarea a două transversale care se intersectează exact într-o 

celulă, fiind caracterizat numărul de astfel de perechi de transversale în pătratele latine de ordin 

≤ 5. Este demonstrată inexistența pătratelor latine de ordinul 5 cu prelungiri recursiv derivabile, 

obținute prin metoda dată, una dintre transversale fiind diagonala principală cu ordinea prestabilită 

a elementelor 1,2,3,4,5 sau 2,3,4,5,1. 

Problema științifică importantă soluționată: constă în determinarea condițiilor necesare 

și suficiente de derivabilitate recursivă de ordin arbitrar finit a unei clase de grupuri n-are, în 

prezentarea unei metode noi de prelungire a quasigrupurilor binare finite prin utilizarea a două 

transversale care se intersectează exact într-o celulă și caracterizarea derivabilității recursive a 

acestor prelungiri. 

Semnificația teoretică și valoarea aplicativă a lucrării: Rezultatele ce țin de 

caracterizarea derivabilității recursive de ordin arbitrar r ale unor clase de quasigrupuri binare și 

n-are, precum și a prelungirilor quasigrupuilor prin diferite metode, se referă la probleme deschise 

din teoria quasigrupurilor ce țin de estimarea spectrului quasigrupurilor recursiv derivabile și au 

aplicări esențiale în teoria MDS-codurilor pentru detectarea/corectarea unui număr maximal de 

erori, oferind noi estimări ale parametrilor acestor coduri 

Implementarea rezultatelor științifice: Quasigrupurile recursiv derivabile n-are, 𝑛 ≥ 2, 

pot fi utilizate drept funcții de control la construirea MDS-codurilor și la estimarea parametrilor 

acestor coduri. De asemenea, caracterizarea numărului perechilor de transversale ale unui pătrat 

latin, care se intersectează exact într-o celulă, oferă soluții prntru probleme analogice din 

combinatorică. Rezultatele lucrării pot fi utilizate în calitate de suport pentru cursuri universitare 

de specialitate. 
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ANNOTATION  

of the thesis entitled ”Extensibility and recursive differentiability of quasigroups”, 

presented by the candidate Cuznețov Elena, for obtaining the degree of Doctor in Mathematical 

Sciences with specialty – 111.03. Mathematical logic, algebra and number theory,    

Chisinau, 2026. 

Structure of the thesis: the thesis is written in Romanian and consists of an introduction, 

three chapters, general conclusions and recommendations, a bibliography of 129 titles and 2 

appendices. The thesis contains 104 pages of basic text, 11 figures and 16 tables. The obtained 

results were published in 14 papers. 

Keywords: quasigroup, Latin square, transversal, recursive derivative, recursively 

differentiable quasigroup, prolongation of Latin squares. 

Research purpose: The purpose of the thesis is to characterize the recursive differentiability 

of binary and n-ary quasigroups, including prolongations of quasigroups, to estimate the maximal 

order of recursive differentiability and the spectrum of finite recursively differentiable 

quasigroups. 

Research objectives: characterizing the recursive differentiability of binary quasigroups 

and n-ary groups, determining new methods of prolongation of finite binary quasigroups, and 

studying the recursive differentiability of quasigroup prolongations. 

Scientific novelty and originality: In the present work, criteria for recursive 

differentiability of order 𝑛 ≥ 1 of binary and n-ary quasigroups are determined, a new method of 

prolongation of  finite binary quasigroups is given, by using two transversals that intersect exactly 

in one cell, and the number of such pairs of transversals in Latin squares of order ≤ 5  is 

characterized. It is proved that there do not exist Latin squares of order 5 with recursively 

differentiable prolongations, obtained by the given method, where one of the transversals is the 

main diagonal with the order of elements 1,2,3,4,5 or 2,3,4,5,1. 

The main scientific problem solved: consists in determining necessary and sufficient 

conditions of recursive differentiability of arbitrary finite order of a class of n-ary groups, in 

presenting a new method of prolongation of finite binary quasigroups, by using two transversals 

that intersect exactly in one cell, and in characterizing the recursive differentiability of such 

prolongations. 

The significance of theoretical and practical values of the work: The results related to 

the characterization of the recursive differentiability of binary and n-ary quasigroups, as well as 

the extensions of quasigroups by various methods, refer to open problems in quasigroup theory 

related to the estimation of the spectrum of recursively differentiable quasigroups and have 

essential applications in the theory of MDS codes for detecting/correcting the maximum number 

of errors, providing new estimations of the parameters of such codes. 

Implementation of the scientific results: Recursively differentiable n-ary quasigroups, 

𝑛 ≥ 2, can be used as control functions in the construction of MDS codes and for the estimation 

of the parameters of these codes. The characterization of the number of pairs of transversals of a 

Latin square that intersect exactly in one cell, provides solutions for analogous problems in 

combinatorics. The results of the thesis can be used as a support for specialized university courses.  
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АННОТАЦИЯ 

к диссертации «Продолжение и рекурсивная дифференцируемость квазигрупп», 

представленная Кузнецовой Еленой на соискание степени доктора математических наук 

по специальности – 111.03. Математическая логика, алгебра и теория чисел, 

Кишинёв, 2026. 

Структура диссертации: диссертация написана на румынском языке и состоит из 

введения, трех глав, общих выводов и рекомендаций, библиографии из 129 названий и 2 

приложений. Диссертация содержит 104 страницы основного текста 16 таблиц и 11 

рисунков. Полученные результаты опубликованы в 14-и научных. 

Ключевые слова: Kвазигруппа, латинский квадрат, трансверсаль, рекурсивная 

производная, рекурсивно дифференцируемая квазигруппа, продолжениe латинского 

квадрата. 

Цель работы: Целью диссертационной работы является характеристика рекурсивной 

дифференцируемости бинарных и n-арных квазигрупп, включая продолжение квазигрупп, 

оценка максимального порядка рекурсивной дифференцируемости и спектра конечных 

рекурсивно дифференцируемых квазигрупп. 

Задачи работы: характеристика рекурсивной дифференцируемости бинарных и n-

арных квазигрупп, нахождение новых методов продолжения конечных бинарных 

квазигрупп и исследование рекурсивной дифференцируемости продолжений квазигрупп. 

Научная новизна и оригинальность: В работе установлены критерии рекурсивной 

дифференцируемости порядка 𝑛 ≥ 1 бинарных и n-арных квазигрупп, а также предложен 

новый метод продолжения латинских квадратов с помощью двух трансверсалей, 

пересекающихся точно в одной клетке, и охарактеризовано число таких пар трансверсалей 

в латинских квадратах порядка ≤ 5. Показано несуществование латинских квадратов 5-го 

порядка с рекурсивно дифференцируемыми продолжениями, полученными данным 

методом, где одна из трансверсалей является главной диагональю с порядком элементов 

1,2,3,4,5 или 2,3,4,5,1. 

Решенная важная научная задача: состоит в нахождение необходимых и 

достаточных условий рекурсивной дифференцируемости произвольного конечного 

порядка класса n-арных групп, в представлении нового метода продолжения конечных 

бинарных квазигрупп с помощью двух трансверсалей, пересекающихся точно в одной точке 

(клетке), и в описании рекурсивной дифференцируемости этих продолжений. 

Теоретическая значимость и прикладная ценность работы: Результаты, 

связанные с описанием рекурсивной дифференцируемости некоторых классов бинарных и 

n-арных квазигрупп, а также построение продолжений квазигрупп различными методами, 

относятся к открытым задачам теории квазигрупп, связанных с оценкой спектра рекурсивно 

дифференцируемых квазигрупп, и имеют приложения в теории МДР-кодов для 

обнаружения/исправления максимального числа ошибок, позволяя получать новые оценки 

параметров таких кодов. 

Внедрение научных результатов: Рекурсивно дифференцируемые n-квазигруппы, 

𝑛 ≥ 2, могут быть использованы в качестве контрольных функций при построении МДР-

кодов и оценке их параметров. Характеризация числа пар трансверсалей латинского 

квадрата, пересекающихся точно в одной ячейке, предоставляет решения для аналогичных 

задач в комбинаторике. Результаты работы могут быть использованы в качестве материала 

для специализированных университетских курсов.  
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